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OQ Abstract. Given a Lie pseudo-group action, an equivariant moving frame exists in the 

?H neighborhood of a submanifold jet provided the action is free and regular. For local equiva- 

^~^ lence problems the freeness requirement cannot always be satisfied and in this paper we 

show that, with the appropriate modifications and assumptions, the equivariant moving 

iy~\ frame constructions extend to submanifold jets where the pseudo-group does not act freely 

at any order. Once this is done, we review the solution to the local equivalence problem 

of submanifolds within the equivariant moving frame framework. This offers an alternative 

approach to Cartan's equivalence method based on the theory of G-structures. 
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1 Introduction 



e 

> 

^~~^ First introduced by the Estonian mathematician Martin Bartels and primarily developed by Elie 

■^ Cartan, [1], the method of moving frames is a powerful tool for studying geometric properties of 

submanifolds under the action of a (pseudo-)group of transformations. In 1999, Fels and Olver 
proposed in [9] a new theoretical foundation to the method of moving frames. For a Lie group G 
acting on the n**^ order jet space J"(M, p) of p-dimensional submanifolds of M, a moving frame 
is a G-equivariant section of the trivial bundle J"'(M,p) x G — )• 3^{M,p). This new framework to 
moving frames, now known as the equivariant moving frame method, possesses some appealing 
C^ features. First, it decouples the moving frame theory from reliance on any form of frame bundle 

or connection and can thereby be applied to almost any type of group action. Secondly, every 
equivariant moving frame comes with an invariantization map that sends differential functions, 
differential forms, and vector fields to their invariant counterparts yielding a complete collec- 
tion of (local) differential invariants, invariant differential forms, and invariant vector fields. In 
general, the invariantization map and the exterior differential do not commute, and this lack of 
commutativity is encapsulated in the universal recurrence formula which is at the heart of many 
new results in the field. For example, using this fundamental formula, Kogan and Olver were 
able to obtained in [16] a general group-invariant formula for the Euler-Lagrange equations of 
an invariant variational problem, while in [39] the same formula was used to show that the co- 
homology of the invariant Euler-Lagrange complex is isomorphic to the Lie algebra cohomology 
of its symmetry group. But more importantly, the universal recurrence formula is the key that 
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unveils the structure of the algebra of differential invariants, [9, 13, 28], essential to the solution 
of local equivalence problems. 

Recently, the theory of equivariant moving frames was successfully extended to infinite- 
dimensional Lie pseudo-group actions in [28, 29, 30]; opening the way to many new applica- 
tions. The first application appeared in [6] where the algebra of differential invariants of the 
infinite-dimensional symmetry group of the Kadomtsev-Petviashvili equation was completely 
characterized. An application to the classification of Laplace invariants and the factorization 
of linear partial differential operator can be found in [36], and an adaptation of Vessiot's group 
foliation method using moving frames was proposed in [38] (see [34] for an alternative construc- 
tion based on exterior differential systems). As a further application, in this paper we revisit 
the solution of the local equivalence problem of submanifolds under an infinite-dimensional 
Lie pseudo-group action using the equivariant moving frame formalism. Following Cartan, the 
solution is essentially obtained by constructing sufficiently many invariants so that one can 
distinguish inequivalent submanifolds. With the equivariant moving frame method, these in- 
variants are easily constructed using the invariantization map and their signature manifold is 
completely characterized by the universal recurrence formula. Since the algorithms do not rely 
on the theory of exterior differential systems and G-structures, [2, 10, 15, 21, 26], the solution 
based on the equivariant moving frame method offers an interesting alternative to Cartan's 
equivalence method of coframes. 

To construct an equivariant moving frame in the neighborhood of a submanifold jet, the 
pseudo-group action must be (locally) free and regular. Unfortunately, given an equivalence 
problem, the freeness requirement cannot always be satisfied, and more often than not many 
interesting results occur at the submanifold jets where the action cannot be made free by pro- 
longation. For example, it is well-known that a second order ordinary differential equation 
Uxx = Q{x, u, Ux) is equivalent to Uxx = under a point transformation if and only if it admits 
an eight-dimensional symmetry group isomorphic to SL(3), [5, 10, 26, 40]. For such a differential 
equation, the pseudo-group of point transformations cannot act freely and the freeness assump- 
tion must be relaxed if one wants to obtain a complete solution of the local equivalence problem 
using the equivariant moving frame method. As one might expect, the idea is to modify the 
standard moving frame algorithms by incorporating the isotropy group into the constructions 
to obtain what we call a partial equivariant moving frame. Using (partial) moving frames we 
can solve a wide range of local equivalence problems, which includes equivalence problems be- 
tween coframes. To illustrate the method we consider the local equivalence problem of second 
order ordinary differential equations under point transformations and contact transformations, 
and the simultaneous equivalence of a two- form and a vector field on M^. By revisiting these 
standard examples, our goal is to highlight some links between the (partial) equivariant moving 
frame approach and Cartan's method. 

The solution of a local equivalence problem relies on the fundamental basis theorem (also 
known as the Lie~Tresse theorem) which states that, under appropriate regularity assumptions, 
the algebra of differential invariants on J°^ (M, p) is locally generated by a finite set of differential 
invariants and exactly p linearly independent invariant total derivative operators. Under the as- 
sumption that a pseudo-group action is regular and locally free on a dense open subbundle 
of J°°(M, p), a constructive proof of the fundamental basis theorem based on the equivariant 
moving frame method was recently given in [28]. In Section 5, we adapt the algebraic construc- 
tions introduced in [28] to cover pseudo-groups acting regularly and freely on invariant regular 
subbundles of J°°(M,p) and also consider the case of regular pseudo-groups acting non-freely on 
invariant regular subbundles of J°^{M,p). These adaptations are necessary to give a complete 
solution to the local equivalence problem of submanifolds. 

Remark 1.1. The theory of infinite-dimensional Lie pseudo-groups relies on the Cartan-Kahler 
theorem, [2, 26], which requires analyticity. For this reason, all our constructions and results 
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hold in the analytic category. Implicitly, all manifolds, maps, differential forms and vector fields 
are thus assumed to be analytic. For Lie pseudo-groups of finite type, in other words for local 
Lie group actions, analyticity can be replaced by smoothness. 

Remark 1.2. Following the global notation convention used in [9, 28, 29, 30], given a map 
(p: M ^ N between two manifolds M and A^ we allow the domain of the map to be a proper 
open subset of the manifold Af : dom c/? C M. Hence, while we use global notation throughout 
the exposition, all moving frame constructions and results should be understood to hold micro- 
locally, i.e. on open subsets of the submanifold jet bundle J°°{M,p). Similarly, differential forms 
and vector fields on 3°°{M,p) are assumed to be defined micro-locally. 

2 Structure equations 

Following [7, 29] we begin by recalling how the structure equations of a Lie pseudo-group are 
obtained from its infinitesimal data. As we will see in Section 4, the structure equations of an 
equivalence pseudo-group provide the link between the equivariant moving frame method and 
Cartan's moving frame approach. 

2.1 Diffeomorphism pseudo-group 

Let M be an m-dimensional manifold. We denote hy T> = T>{M) the pseudo-group of all local 
diffeomorphisms of M. For each integer < n < oo, let P^") denote the bundle formed by 
their n order jets. For k > n, let 7r„ : V^ ' — )• V^""' denote the standard projection. Following 
Cartan, [3, 4], and the recent work of Olver and Pohjanpelto, [28, 29, 30], in some local coordinate 
system we use lower case letters, z,x,u, . . . for the source coordinates cr{ip) = z = {z^, . . . , z™) £ M 
of a local diffeomorphism Z = (p{z) and corresponding upper case letters Z,X,U, . . . for the 
target coordinates T{(p) = Z = {Z^, . . . , Z"^) G M. The local coordinates of the n-jet of a local 
diffeomorphism 93 are then given by j„99 = {z, Z^"-*), where z are the source coordinates and Z^""' 
denotes the collection of derivatives Z^ = d^ip"'/dz^ ■••dz^ with 1 < a,b^, . . . ,b^ < m and 
0<k = #B <n. 

The diffeomorphism jet bundle 2?(°°) has the structure of a groupoid, [23]. The groupoid 
multiplication follows from the composition of local diffeomorphisms. For g^'^^z = joo'/'U 
and /i(~)|z = jooV'U with Z = ?(°"Hjoo'/5|.) = 5^°'HjooV'|z), we have that (/i(-) • g(^^)\z = 
ioo{'ip°'p)\z- Throughout the paper, the diffeomorphism pseudo-group V acts on d(°°) by right 
multiplication: 

Ri>{ioo^\z) =ioo{(p°i^'^)\^(z), (2-1) 

whenever defined. 

The cotangent space T*V^°°> naturally splits into horizontal and contact (groupoid) compo- 
nents. The horizontal suhhundle is spanned by the right-invariant one-forms 

m 

a" = dMZ^ = ^Z'^dz^, a = l,...,m, 
6=1 

while the contact suhhundle is spanned by the (right-invariant) Maurer-Cartan forms 

fi%, a = l,...,m, #B>0. (2.2) 

Their coordinate expressions are obtained by repeatedly applying the total derivative operators 
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to the order zero Maurer-Cartan forms 

m 

6=1 
SO that 

We refer to [29] for more details. 

To concisely express the structure equations of the invariant coframe {. . .a"" . . . jjf^ • • •}, the 
vector- valued Maurer-Cartan formal power series ^J.\H\ = {^^\H\, . . . ,^^\H\) with compo- 
nents 

nm= E ii'"^^''' a = l,...,m, (2.4) 

#B>0 

is introduced. In the above formula, H = (H^,...,H"^) are formal power series parameters 
while B\ = b^lb'^l ■ ■ ■ b^\ with 6" standing for the number of occurrences of the integer 1 < a <m 
in B. The structure equations for the Maurer-Cartan forms are then obtained by comparing 
the coefficients of the various powers of H in the power series identity 

dixim = V/i[i^l A {^x\H} - dZ), (2.5a) 

where dZ = {dZ^, . . . , dZ"^)^ and V/iJi;/']] = [dfi'^lHj/dH"-) denotes the mxm Jacobian matrix 
obtained by formally differentiating the power series (2.4) with respect to H = {H^, ■ ■ ■ ,H"^). 
On the other hand, the structure equations for the invariant horizontal one- forms a = (a^, . . ., 
a'^)'^ are 

da = V//[[0]] A a. (2.5b) 

2.2 Lie pseudo-groups 

Several variants of the technical definition of a Lie pseudo-group exist in the literature, [4, 12, 
14, 19, 20, 37]. In the analytic category. Lie pseudo-groups can be defined as follows. 

Definition 2.1. A pseudo-group Q (ZT) \s called a Lie pseudo-group of order n* > 1 if, for all 
finite n > n^: 

• Q^"'' C T)^"^' forms a smooth embedded subbundle, 

• the projection tt"^^ : Q^"-'^^> — )• Q^""' is a fibration, 

• every local diffeomorphism cj) ^ V satisfying jn*?^ C Q^^*> belongs to Q, 

• t/(") = pr'"~"*)t/("*) is obtained by prolongation. 

For n > n^. Definition 2.1 implies that the pseudo-group jet subbundle ^'"' C D'") is 
characterized by a formally integrable system of n*^ order differential equations 

f('^)(z,z(")) =0, (2.6) 

called the (n*^ order) determining system ofQ^"''. 
At the infinitesimal level, let 

m rj 

o=l 
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denote a local vector field on M. For < n < oo, let J'^TM denote the bundle of n*^ order jets 
of sections of TM with local coordinates 

where C^ denotes the derivative coordinates of order < #B < n. Let g denote the (local) 
Lie algebra of Q consisting of all local vector fields on M tangent to the pseudo-group orbits. 
A vector field (2.7) is in q if and only if its jets satisfy the n**^ order (formally integrable) 
infinitesimal determining system 

•m 

i(")(^,C("^) = E E C(^)CI = 0, v = l,...,k, n>n., (2.8) 

a=l #B<n 

obtained by linearizing the determining system (2.6) at the identity jet l'"'. 

Theorem 2.2. For each n > n*, the linear relations among the [restricted) Maurer-Cartan 
forms fJ.^^'\g are obtained by making the formal substitution or "lift" (see (3.6), (3.8) below) 

~a , ya /-a , a 

in the infinitesimal determining equations (2.8) .• 

l(")(Z,/u(")) =0. (2.9) 

Corollary 2.3. The structure equations of a Lie pseudo-group Q are obtained by restricting the 
diffeomorphism structure equations (2.5) to the solution space of (2.9); 

{da = V^IOI A a, d^i\m = V/^M A {fi\m " dZ)) L(«,)(^^^(..))=o. (2.10) 

Example 2.4. Let M = J^(M^, 1) be the second order jet bundle of curves in the plane with 
local coordinates 

X, u, p = Ux, q = Uxx- 

To illustrate the constructions occurring in this paper we will consider the equivalence problem 
of second order ordinary differential equations 

q = F{x,u,p) (2.11) 

under the Lie pseudo-group of contact transformations 

X = x{x,u,p), U = i,{x,u,p), P = (3{x,u,p), Q= P-+PPu + qPr> ^ ^2.12) 

Xx + PXu + qXp 

where the functions (x, ip, /3) G 2?(M'^) satisfy the contact conditions 

V'p = l3Xp, PiXx + PXu) ='4'x+ pipu, 
and the Lie pseudo-group of point transformations 

X = x{x,u), U = '4'{x,u), P = ^, Q = -^— , (2.13) 

Dx [Dxr 

with (x,V') G ^(M^) and 

f:^ d d d 

ox au op 
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We now compute the low order structure equations for the contact pseudo-group (2.12). Let 

d d d d 

V = C{x,u,p,q)— +7]{x,u,p,q)— +a{x,u,p,q)— +-f{x,u,p,q)— (2.14) 

denote a local vector field on M = J^(M'^, 1). The vector field (2.14) is tangent to the orbits of 
the pseudo-group action (2.12) if and only if 

£, = ^{x,u,p), rj = r]{x,u,p), a = a{x,u,p), 'y = Da — qD^, 

and 

r]p = pCp, a = r]x+ p{Vu - Cx) + P^^u- 
Hence, the coefficients of the infinitesimal generator (2.14) satisfy the determining system 

iq = ilq = o-q = 0, f/p = P^p, a = ijx + p{riu - ^x) + P^^ui J = Da - qD^. (2.15) 
Under the replacement 

Ca -^ /^A> VA^I^% aA^fJ^A^ lA^fJ'% {x,u,p,q) ^ {X,U,P,Q), 

the infinitesimal determining equations (2.15) yield the linear dependencies 

;u<? = /z^ + Pfifj + Q/i^ - Q{^^-^ + P^^fJ + Q/zf,), (2.16) 

among the Maurer-Cartan forms of order < 1. Differentiating (2.16) with respect to Dx, Oy, 
Dp, Dq as defined in (2.3), we obtain the linear relations among the higher order Maurer-Cartan 
forms. It follows that 

is a basis of Maurer-Cartan forms. Restricting the structure equations of the diffeomorphism 
pseudo-group 2?(M^) to (2.16) and its prolongations we obtain the structure equations 

da^ = -dfi = /zj(^ A cr"^ + /if/ A (t" + fip A a^, 
da'^ = -dv = i/jf A cr^ + z^^ A a" + Pp^p A a^, 

daP = [vxx + P{^ux - f^xx) + P^f^ux] A ^^' + Wux + P{^uu " ^^ux) + ^Vc/c/] A a" 

+ Wu - Mx + ^(2^c/ + ^^xp) + P{2Pnup - f^xp)] A aP, 
da'' = ;U^Y A cj^ + ^^ A a" + ^^ A (jP + ;U^ A ct«, (2.17) 

for the horizontal coframe and the order Maurer-Cartan forms /U, v. We do not write the 
structure equations for the higher order Maurer-Cartan forms as these are not needed subse- 
quently. 

For the pseudo-group of point transformations (2.13), it suffices to add the constraints 

^p = ^p = 

to (2.15) to obtain the infinitesimal determining equations of its Lie algebra: 

ip = r]p = 0, ^g = riq = aq = 0, 

a = ?7x +p(r/« -Cx) +/Cn, 1 = Da- q{i^+piu)- (2.18) 
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Taking the lift of (2.18) we obtain the linear relations 

^lf, = ^l}. = 0, ^,-Q = ^,-Q = ^,PQ = o, ^^^ = /i^ + p(mE. - /zi) + pV&, 
/x<? = ^^ + Pfifj + Q/.^ - g(M^ + Pf^fj), 

among the Maurer-Cartan forms of order < 1. A basis of Maurer-Cartan forms is thus given by 

^X'C/J = A'X'C/i' ^x^w = IJ-x^ui- (2-19) 

By setting /ip = fj.px = fJ-pu = • • • = in (2.17) we obtain the structure equations for the 
horizontal coframe {c^, (t"^, cr^, cr'^}- On the other hand, the structure equations for the Maurer- 
Cartan forms (2.19) are given by the structure equations of the diffeomorphism pseudo-group 

P(M2), [29]: 

d/i = (T^^ A /ix + cr" A nu, 

dfix = a"" A fixx + 0-" A nxu + fJ'U ^ i^x, 

dfiu = cr^ A Hxu + cr" A ^uu + /^X A ^c/ + /^C/ A i^u, 

du = a'-^ A ux + a"^ A uu, 

dux = a'' A vxx + 0-" A vxu + VX f\p-x + i'u f\i^x, 

dvu = cr^ A Vxu + 0"" A vuu + i^X A /if/, 

dvuu = cf"" A vxuu + o-" A vuuu + 2j^X(7 Avu + i^x f\ fJ-UU + i^UU A I'u, 

dvxu = cr"" A VXXU + cr" A VXUU+ l^XU ^ fJ'X + I'XX A ^lu + Vx f\ fJ-XU + l^UU A l^x, 

(2.20) 

3 Equivariant moving frames 

As in the previous section, let ^ be a Lie pseudo-group acting on an ?TT--dimensional manifold M. 
We are now interested in the induced action of G on p-dimensional submanifolds S C M, 
where 1 < p < m. For each integer < n < oo, let J" = J"(M,p) denote the n**^ order 
submanifold jet bundle, defined as the set of equivalence classes under the equivalence relation 
of n*^ order contact, [26]. For k > n,we use vr^: J^ — )• J" to denote the canonical projection. We 
introduce local coordinates z = {x, u) = {x^^ , . . . , x^, u^, . . . , u'^) on M so that submanifolds that 
are transverse to the vertical fibers {x = xq} are (locally) given as graphs of smooth functions 
u = f{x). (Submanifolds with vertical tangent spaces are handled by a different choice of local 
coordinates.) In this adapted system of coordinates, the standard coordinates on J" are 

>) = (2;,n(")) = {...x\..u''j...), 

where Uj denotes the derivative coordinates of order < 7^ J < n. 

Let i3*-"' —7- J" denote the n order lifted bundle obtained by pulling back ^^"^ — )■ M via 
the projection -Kq-. J" — )• M. Local coordinates on B^'^> are given by (^z^^> , g^"^'^ , where the base 
coordinates z^^' = {x,u^^'\ G J" are the submanifold jet coordinates and the fiber coordinates 
are the pseudo-group parameters g^^'- The bundle B^"^' carries the structure of a groupoid with 
source map a^'^^ (^z^"\ g^"^^) = z^"^ and target map t^"^^ (^z^'^\ g^"^^ = Z^") = g(") -z^") given by the 
prolonged action. To compute the prolonged action we introduce on B^°°' the lifted horizontal 
coframe 



U! 



dHX' = Y,{D^,X')dx^, i = l,...,p, 
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where D^i, . . . , D^p are the total derivative operators. The lifted total derivative operators 
Dxi , • • • , Dxp are then defined by the formula 

2=1 i=l 

More explicitly, 

p 
Dx^ = Y^iD,,, with ^i) = {D,.X^y\ (3.1) 

Differentiating the target dependent variables [/" with respect to the lifted total derivative 
operators (3.1) we obtain the explicit expressions for the prolonged action Z'") = g^"' • z^^': 

X\ UJ = D-^V". (3.2) 

A local diffeomorphism h G Q acts on {(^z^"'' , g^"^'^ G B^"^' \ ttq (-z^"^) G dom/i} by right multi- 
plication: 

i?h(^^"\<?^"^) = (/i^"^ • ^("\ <7(") • (/i("))"'). (3.3) 

The {n^^ order) lifted action action (3.3) is given by the concatenation of the prolonged action 
on submanifold jets with the restriction of the right action (2.1) to Q^^' . The expressions (3.2) 
are invariant under the lifted action (3.3) and these functions are called lifted invariants. 

3.1 Regular submanifold jets 

The existence of a moving frame requires the prolonged pseudo-group action on submanifold 
jets to be (locally) free and regular, [30]. 

Definition 3.1. A pseudo-group acts regularly in the neighborhood of a point z^^> E J" if 
the pseudo-group orbits have the same dimension and there are arbitrarily small neighborhoods 
whose intersection with each orbit is a connected subset thereof. 

Definition 3.2. The isotropy subgroup of a submanifold jet z^"^^ E J" is defined as 



where ttq (z*-")) = z. The pseudo-group is said to act freely at z^'"'' if ^ "„, = {l^"^!^}. The 

2(") 



pseudo-group acts locally freely at z'^"'' if G (,i) is discrete. 



Definition 3.3. A submanifold jet z''-°°^ is said to be regular if there exists a finite n > 1 such 
that the pseudo-group Q acts freely at z^") = tt'^[z^°°^). Let V°° C J°° denote the subset of aU 
regular submanifold jets. 

Following the foundational papers [28, 30] we, for the moment, assume that the pseudo- 
group Q acts regularly on V°° and that this set is a dense open subbundle of J°°. In Example 3.13, 
we will see that, in general, these assumptions need to be relaxed. 

Definition 3.4. Let V" = 7r^(V°°) denote the truncation of the regular submanifold jets to 
order n. A (right) moving frame of order n is a (local) ^-equivariant section p(") : V"" — )• B^^-K 
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In local coordinates we use the notation 

p(")(z(")) = (z("),p(")(z('^))) 

to denote a moving frame. Right equivariance means that 

iJg^") (z(")) = p<") ((7(") • z(")) , geg, when defined. 

Theorem 3.5. Suppose Q acts {locally) freely on V" C J", with its orbits forming a regular 
foliation, then an n^^ order moving frame exists in a neighborhood of every z'^'"'' G V". 

Once a pseudo-group action is free, a result known as the persistence of freeness, [28, 31], 
guarantees that the action remains free under prolongation. 

Theorem 3.6. // a Lie pseudo-group Q acts {locally) freely at z*-"-* then it acts {locally) freely 
at any z^ ' G J , k > n, with 7r^{z^ >) = z^"^' . The minimal n such that the action becomes free 
is called the order of freeness and is denoted by n* . 

An order n > n* moving frame is constructed through a normalization procedure based 
on the choice of a cross-section /C" C V" to the pseudo-group orbits. The associated (locally 
defined) right moving frame section p^^> : V" — )• i3^"' is uniquely characterized by the condition 
that r(")(p<")(z("))) = /9(")(z(")) • z(") e JC". For simplicity, we assume that /C" = {zi, = 
ci, . . . ,Zi^. = Cr„ : r-a = dim^''"'*!^} is a coordinate cross-section. Then, the moving frame p^'^'"' 
is obtained by solving the normalization equations 

Z,,{x,u^^\g^^^)=ci, ... Z,,Jx,n("),g(")) =c,„, (3.4) 

for the pseudo-group parameters g^"^' = p^"^' (x, u^^') . The invariants appearing on the left-hand 
side of the normalization equations (3.4) are called phantom invariants. As one increases the 
order from n to A; > n, a new cross-section must be selected. We require that these cross- 
sections be compatible in the sense that 7r^(/C'^) = /C"" for all k > n. This in turn, implies the 
compatibility of the moving frames: 7r„(/>^^(z' •*)) = p^'^' {ir^i^z^ ')) . A compatible sequence of 
moving frames is simply called a moving frame and is denoted by p: V°° — )• B^'^' . Finally, we 
require the compatible cross-sections to be of minimal order, [28] . Intuitively, this is equivalent 
to requiring that the pseudo-group parameters be normalized as soon as possible during the 
normalization procedure. 



^(n)(-^(n)^ .^H 




Orbit through z^"' 



Figure 1. Moving frame p(")(z(")) = (z("), p(")(z("))). 

We now introduce the invariantization map associated with a moving frame. First, we note 
that the space of differential forms on B^'^' splits into 
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where I indicates the number of Maurer-Cartan forms (2.2), k = i + j the number of jet forms, 
with i indicating the number of horizontal forms dx* and j the number of basic submanifold jet 
contact forms 

p 
e'} = du'}-Y,^^%dx\ a = l,...,q, #J>0. 

Next, let 

k i,j 

denote the subspace of jet forms consisting of those differential forms containing no Maurer- 
Cartan forms. Then, we introduce the projection vrj : fi* — t- ft*j which takes a differential form Q 
on B^°°' to its jet component vrj(r2) obtained by annihilating the Maurer-Cartan forms in Q. 

Definition 3.7. Let fi be a differential form defined on J°°. Its lift is the invariant jet form 
A(Q)=7rj[(T(°^))*(f})] (3.5) 

defined on the lifted bundle B^°°\ 

In particular, setting O in (3.5) to be each of the submanifold jet coordinates x*, Uj, the lift 
map (3.5) coincides with the prolonged action (3.2): 

X{x')=X\ X{u'})=Ul (3.6) 

Also, we note that the lift of the horizontal forms dx^, . . . , dx^ 

p q q 

\{dx') = Y^ {D^,X')dx^ + Yxio.e"=J + Y^ Xi^9" 

i=l a=l a=l 

are invariant horizontal forms if and only if the pseudo-group action is projectable meaning that 
Xl^a = 0. On the other hand, the lift of a contact form is always a contact form. In the following, 
we ignore contact forms and introduce the equivalence relation = to indicate equality modulo 
contact forms. 

Definition 3.8. Let p: V°° — )• B^°°' be a moving frame. If fi is a differential form on V°°, then 
its invariantization is the invariant differential form 

L{n) = p*[x{n)]. (3.7) 

In the following, to lighten the notation, we will usually omit writing moving frame pull-backs: 

J = p*{J) = p*[\{dx^)] = i{dx^), 

{X,U'^^^) =p*(X,t/(°°)) =p*[A(x,n(°°))] =i(x,n(°°)). 

Proposition 3.9. The normalized differential invariants 

X' = l{x'), UJ = l{u'}), 

contain a complete set of functionally independent differential invariants. 

One of the most important results in the theory of equivariant moving frames is the universal 
recurrence formula for lifted/invariantized differential forms, [30]. To write down the formula 
we must extend the lift map (3.5) to vector field jet coordinates. 
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Definition 3.10. The lift of a vector jet coordinate Cb is defined to be the Maurer-Cartan 
form yU^: 

X[Q) = ^%, for a = l,...,m, #B>0. (3.8) 

More generally, the lift of any finite linear combination of vector field jet coordinates is 



a=l#B>0 






Recall that if 

p 
V = Ye{x,u)£. + Y^^,{x,u)£^ G g (3.9) 



1=1 a=l 



is an infinitesimal generator of the pseudo-group action, then its prolongation is the vector field 
vM=Er(x,n)A + ^ Y^ <Pi^^,i-\ (3.10) 

i=l a=l#J>0 J 

where 

p p 

DjQ'' + E e^«j,i, and Q" = c/>, - J^ f nf 



i=l i=l 



are the characteristic components of the vector field (3.9). Then, for z(°°) £ ^°°\z the prolonga- 
tion formula (3.10) defines the prolongation map 

p = p£V J°°rMU^rj-|,(..), piS0°ov|.) = v(-)|,(^). (3.11) 

Theorem 3.11. Lei Q be a differential form on J°^. T/ien 

d[\{a)] =\[d^ + v(°°) (S7)] , where v(~) G 0(°°) (3.12) 

and v'°°'' (il) denotes the Lie derivative of ^ along v'""-*. 

We refer to [30] for a proof of (3.12). In particular, the identity (3.12) applies to the lifted 
differential invariants X*, Uj: 

dX* = uj^ + ^\i = 1,. . . ,p, 

p 
dC/^ = E^^J-^'+^('^")' a = l, •••,'?, #J>0. (3.13) 

Corollary 3.12. Let p: V°° — )• B^°^' be a moving frame and il a differential form on V°°, then 

d[L{n)] = i[dn + v(°°)(J])] , where v(°°) € 0^°°). (3.14) 

Of particular interest to us is when fi is one of the submanifold jet coordinate functions x*, Uj. 
Equation (3.14) then produces the recurrence relations 

V^X' = 5} + N^, V,UJ = Ul^+Ml^, (3.15) 
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where N} and M? • are correction terms and 

p 
Vk = Y,T{Wi)D,,, k = l,...,p, (3.16) 

i=i 

are invariant total derivative operators obtained by normalizing the lifted total derivative opera- 
tors (3.1). 

The commutation relations among the invariant total derivative operators Di, . . . , T>p can be 
deduced from the universal recurrence relation (3.14). By setting 17 = dx^ in (3.14) we obtain 
the equations 

duj' = - Yl YjW ^^\ i = l,...,p. 

l<j<k<p 

Since the operators Pj are dual to the contact invariant horizontal forms cj*, it follows that 

p 
[Di,Vj] = Y,Y^Vk, l<i,j<p, (3.17) 

fc=i 

and the invariant functions Y^f^ are called commutator invariants, [28]. An important feature 
of the recurrence formula (3.14) (or (3.15)) is that the coordinate expressions for the invariants 
{X,U^°°'), the contact invariant horizontal 1-forms a;*, the Maurer-Cartan forms /i^ and the 
moving frame p are not required to compute these equations. One only needs to know the 
cross-section /C°° C V°° defining p and the expression of \ry°°i g Q^°°'- The key observation is 
that the pulled-back Maurer-Cartan forms p*{p%) can be obtained from the phantom invariant 
recurrence relations. We refer the reader to [6, 30, 31] for concrete examples of the moving frame 
implementation. 

Example 3.13. As mentioned at the beginning of this section, the theory introduced above 
assumes the Lie pseudo-group action to be free and regular on a dense open subset V°° C J°°. 
Using the local equivalence problem of second order ordinary differential equations under the 
pseudo-group of point transformations (2.13), we now show that, in general, these assumptions 
should be relaxed. Working symbolically, we use the recurrence relations (3.13) to find disjoint 
sets of regular submanifold jets each admitting their own moving frame. 

The first step consists of determining the "universal normalizations" which hold for any 
second order ordinary differential equation. Beginning with the order recurrence relations 



dX = uj'' + p, 






dU = uj'' + u, 






dP = ujP + VX+ P{2uY - 


- fJ'X)- 


- P^l^u, 



dQ = Qpuf + Qc/w" + Qxoo^ + i^xx + Q{yu - 2/xx) + P{'ivxu - ^xx) 

- WQpu + P\vuu - 2pxu) - P'^fiuu, (3.18) 

the lone appearance of the linearly independent Maurer-Cartan forms p, u, ux, vxx in the 
group differential component of the recurrence relations (3.18) implies that we can normalize 
the lifted invariants 

X = U = P = Q = Q (3.19) 

to zero, independently of the differential equations. Substituting (3.19) into (3.18) we obtain 
a system of equations that can be solved for the (partially) normalized Maurer-Cartan forms 
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Continuing the normalization procedure, order by order, we come to the conclusion that it is 
always possible to normalize the lifted invariants 

X = U = P = 0, 

Qu^'X'' = Qpu^x'' = Qp^u^ = Qp^uix = Qp'-iuJ = Qp'iwx = 0) J) ^ > 0, (3.20) 

to zero (see [24, Appendix B] for more details). The normalizations (3.20) lead to the normali- 
zation of all the Maurer-Cartan forms (2.19) except for 

fix, IJ'U, J^u, t^uu, vxu- (3.21) 

To proceed further, the value of the remaining (partially normalized) lifted invariants 

Qpk+iujxi, Qp3u3X'+^, Qp2uix^+'2, i,j,k>0, (3.22) 

must be carefully analyzed. More explicitly, the invariants (3.22) of order < 6 are 



n = 4 
n = 5 
n = 6 



Qp4, Qp2x2, 

Qp5, Qpiu, Qp'^Xi Qp^x^, Qp^ux^, Qp^x^j 

Qp6, Qpsu, Qpsx, Qpiu'2, Qpiux, Qp^x2, Qp^ux^i 

Qp'ix'^i Qp^u^x^, Qp^ux^, Qp^x^- (3.23) 



Writing the recurrence relations for the invariants (3.23) of order < 5, taking into account the 
normalizations (3.20), we obtain 

dQpi = QpsLjP + QpAjjOj'^ + QpixOJ^ + Qpi{2fix - "ivu)-, 

dQp2x'2 = Qp3x2UJ^ + Qp2ux2uj"' + Qp2x3Uj^ — Qp2x2{i'u + 2//x)i 

dQp5 = Qpeu}^ + Qpsuoj'^ + Qpsxoj^ + 5Qp4fj.u + Qp5{3nx - ^i^u), 

dQpix = {Qp^x + Qpiu)^^ + Qp-^ux^^ + Qp-ix^^^ + Qp'i'^ux + Qp4x(^x — 3z^[/), 

dQpijj = QpbjjU)^ + QpijjiLd^ + Qpijjx^^ ~ '^Qpi^uu ~ Qp^vux — Qp^xl^u 

+ Qp4[/(2/ix -4:uu), 
dQpzx2 = Qpix^uj^ + Qpijjx^^^ + {Qp'-'x^ ~ "^Qp^ux^)^^ ~ Qp^x^l^u 

-Qp3x2i2iyu + fJ'x), 
dQp2ijx2 = Qp^ux^^''' + Qp2ij2x2io^ + Qp2ux'i0j^ — 2Qp2x2i'uu ~ Qp^x^^ux 

- Qp2x3fJ-u - 2Qp2jjx2 {vu + Mx), 
dQp2x3 = {Qpsx^ — Qp2ux'^)^^ + Qp2ux'i'^^ + Qp2x-^^^ ~ ^Qp2x'^^ux 

-Qp2xB{iyu + 3f^x)- (3.24) 

At this juncture, the normalization procedure splits into different branches depending on the 
value of the fourth-order lifted invariants 

r^ _ xl n> - ^"^(ipp) - 4-D(g„p) - qpD{qpp) + GQuu - MuQpp + ^pQup 

^Pi - -J^(IPVPP^ QP2X2 - —-2 

obtained by implementing the moving frame construction. There are 4 branches to consider^ 

I) Qpi ^ and Qp2x2 ^ 0, III) Qp4 ^ and Qp2x2 = 0, 

II) Qp4 = and Qp2x2 ^ 0, IV) Qp4 = and Qp2x2 = 0. 



^To distinguish between lifted invariants that are set equal to a constant by normalization from those that are 
identically constant, we use the notation = and = respectively. 
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In Case IV) the pseudo-group action is not free and we differ this branch of the equivalence 
problem to the next section. For the other three cases, let 

/C = \X = U = p = ^ujajfc = QpuJx'' ~ Qp'^ui — Ip^uix — Qp^ui — Qp^uix = ^\ Jt k > \j\ 

denote the "intermediate cross-section" corresponding to the universal normalizations (3.20). In 
Case I), the action is free on the subbundle of regular submanifold jets 

yoo ^ 1^(00) g joo I Q^^ ^ Q^ Q^^^^ ^ qY 

From the recurrence relations (3.24), we find that a cross-section is given by 

/C- = /C°^ U {qp, = qp2,2 = 1, V = V, = gp4, = 0} C Vr (3.25) 

leading to a moving frame p 1 : Vf° — J- ^3'^°°-*. In Case II), it can be shown, see [24] for more 
details, that when Qp2x2 ^ the (partially normalized) lifted invariants Qp^x^ ^-iid Qp2xi 
cannot be simultaneously equal to zero. There are then 2 subbundles of regular submanifold 
jets 

yco ^ 1^(00) g JOO I Q^^^^ ^ Q^ j^jQ^^ ^ Q^ g^^^^ ^ Q|^ 

In the above formula, the total derivative operator Dj = Dji ■ ■ ■ Djk in the variables x^ = x, 
x'^ = u, x'^ = p ranges over the multi-indices of length ^ J > 0. Admissible cross-sections are 
given by 

/C^ = /C°° U {qp2^2 = 1, qp3r,2 = qp2^^2 = qp2^3 = 0, ^^2^4 = 1} C V|°, 
}Cf = ]C°° U {qp2^2 = 1, qp3^2 = qp2^^2 = qp2^i = 0, gpS^-s = 1} C V^. 

Similarly, in Case III) the non-degeneracy condition QpA ^ implies that Qpa and Qpsx 
cannot both be equal to zero so that on 

yco ^ 1^(00) ^ JOO I DjQp2x2 = 0, Qp4 ^ 0, Qp, ^ 0}, 
yoo ^ 1^(00) ^ JOO I DjQp,^, = 0, Qp, ^ 0, Qpsx ^ 0}, 

moving frames can be constructed. On V^ and V^ possible cross-sections are given by 

/C2° = /C°° U {qp4 = 1, qp5 = qpiu = Qp^x = 0, g^e = 1} C Vf , 
/C^ = /C°° U {qp4 = 1, qp5 = qpiu = Qp^x = 0, qp5x = 1} C Vf°, 

respectively. 

As illustrated by the above computations, the assumption that V°° is a dense open subset 
of J°° on which the pseudo-group acts regularly (and freely) is too restrictive. The generic 
Case I) corresponding the set of regular submanifold jets VJ" is the only branch of the equivalence 
problem satisfying this assumption. To encompass the other cases, we observe that, apart from 
a finite number of non-degeneracy conditions, V|°,...,V^ are characterized by ^-invariant 
systems of differential equations which we formalize in the following definition. 

Definition 3.14. Let ^ be a Lie pseudo-group acting on J°°. A Q -invariant subbundle 5°° C J°° 
is said to be regular of order n > 1 if , for all finite n >n: 

• 5" = Tr^{S°°) C J" forms a smooth embedded subbundle, 
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• the projection vr^^^ : 5""+^ — )• S"" is a fibration, 

• 5"" = pr ("""■'' 5" is obtained by prolongation, 

• S"" is ^-invariant. 

In light of the above comments, we allow the set of regular submanifold jets to be the finite 
union 

k 

i=l 

of dense open subsets of ^-invariant regular subbundles of J°°. In other words, the subbun- 
dles V?° are ^-invariant Zariski open subsets of J°°. Definition 3.14 implies that for each 
subbundle Vf° there exists nj > 1 such that for n > Ui the subbundle Vf = 7r^(V°°) C J" is 
characterized by a ^-invariant system of formally integrable differential equations 

^f^(x,n(")) = (3.26) 

plus, possibly, a finite number of ^-invariant non-degeneracy conditions. 

Example 3.15. The determining equations (3.26) and the non-degeneracy conditions naturally 
occur as one tries to normalize the parameters of an equivalence pseudo-group in the moving 
frame algorithm. In Example 3.13, the determining system for V^ is trivial while the non- 
degeneracy conditions are given by 

Qpi ^ 0, Qp2x2 ^ 0. 

For V2", the order of regularity is 77-2 = 4, and for n > 77-2 the determining system of V2 is 

Dj{Qp4)=0, 0<#J<n-n2, 
to which we add the non-degeneracy conditions Qp2x2 ^ 0, Qp2x^ ^ 0. 

Remark 3.16. While the pseudo-group action will, in general, not be regular on the whole 
set of regular submanifold jets V°°, in order to construct a moving frame on each invariant 
subbundle Vf°, we require the restriction of pseudo-group action to V°° to be regular in the 
subset topology. 

Assuming the action is free and regular on each invariant regular subbundle V?°, we can con- 
struct a moving frame pi : V°° — )• Bi' {B^ = B^°°'\\)'x,) by choosing a cross-section /C?° C V?°. 
Each moving frame will have its own order of freeness n* > nj and on each subbundle Vf° the 
recurrence relations (3.15) completely determine the algebra of differential invariants. 

3.2 Singular submanifold jets 

We now would like to extend the moving frame method to submanifold jets z^°°' where a pseudo- 
group does not act freely. 

Example 3.17. Any pseudo- group satisfying 

Tn = dimg(")|^ > dim J"U = q(^ ^ '^\ for all n > 1 (3.27) 

cannot act freely. Indeed, the inequality (3.27) implies that for all n > 1 the isotropy group Q ^l) 
is non-trivial since the dimension of the pseudo-group jet Q^"''\z is larger than the dimension 
of the jet space J" on which it acts. The contact pseudo-group (2.12) is an example of such 
pseudo- group. 
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Example 3.18. A second example is given by Case IV) of Example 3.13. When Qpi = 
Qp2x2 = it follows from the recurrence relations (3.24) that the fifth and sixth order (partially 
normalized) lifted invariants (3.23) are identically equal to zero. This combined with the higher 
order recurrence relations then implies that all higher order invariants (3.22) are also equal 
to zero. Hence, in Case IV) there are no further lifted invariants available to normalize the 
Maurer-Cartan forms (3.21). Said differently, on the subbundle 

goo ^ |^{00) ^ JOO j J^^Q^^ ^ DjQp2x2 = 0, #J > 0}. 

the pseudo-group parameters 

Xxj Xuj Tm Wuut Wxu 

cannot be normalized and these pseudo-group jets parametrize the 5-dimensional isotropy group 
^^S) °f a submanifold jet z(°°) e S°°. 

Definition 3.19. A submanifold jet z^^"' G J°° is said to be singular if its isotropy group is 
non-trivial: 

The set of singular submanifold jets is denoted by S°^. 

As with regular submanifold jets, we allow the set of singular submanifold jets to be a finite 
union of open dense subsets of ^-invariant regular subbundles 

e. 



IT 

i=l 



SO that for n > nj > 1, the subbundle S" = 7r,^(S?°) is characterized by a formally integrable sys- 
tem of ^-invariant differential equations (with possibly finitely many invariant non-degeneracy 
conditions) . 

Remark 3.20. Though the pseudo-group action on S°° is not free, we still require the restriction 
of the action to S°° to be regular in the subset topology. 

Let 2;(°°) S §°° be a fixed submanifold jet and z^") = 7r^(z(°^)) E §" its n**^ order truncation. 
Then Q Tl) is the projective limit 

Apart from the order constraint g- z = z^we observe that the isotropy requirement g^'"'> ■ z^"' = 



z 



("■) gives a system of differential constraints for the pseudo-group parameters g^"^' G ^ ?„), and 



the prolongation of this system is given by g("+-'^) • 2;("+i) = z'"'"'"^^ To see this, consider an 
analytic submanifold {x,u(x)) with {x,ioou{x)) = z^^' . Then, given 

X = x{x,u), U = i;{x,u) G G^, 

the isotropy condition g^"'' ■ z^""' = z^"'' is obtained by differentiating 

u{x{x,u{x))) =ip{x,u{x)) 

with respect to the independent variables x = {x^, . . . , x^). By Cartan-Kuranishi's prolongation 
theorem, [2, 35], we conclude that, generically, there exists n* > n^ such that the system of 
differential equations (7^" ' ■ z^"^ ' = z^" ' is formally integrable (and eventually involutive for 
some n > n*). In the following, n* is assumed to be independent of the submanifold jet 
z(°°) £ §9° and n* is called the order of partial freeness. For n > n* the pseudo-group Q is said 
to act partially freely on S^. 
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Remark 3.21. If z^°°' G Vf° is a regular submanifold jet, the order of partial freeness defined 
above corresponds to the usual order of freeness. In this case the only solution to g^^' -z'"-* = z'"-* 
is^lS) ={l(")U}forn><. 

Example 3.22. To illustrate the above discussion we consider the Lie pseudo-group 

X = f{x), Y = e{x,y) = f'{x)y + g{x), U = u+^j^ (3.28) 

acting on graphs of functions (x, y, u{x, y)). This is one of the main examples used in [28, 30] to 
illustrate the moving frame method. The pseudo-group (3.28) acts locally freely on the set of 
regular submanifold jets V^ = J°° n {uyy < 0} and V^ = J°° n {uyy > 0}. On the other hand, 
when restricted to the jet space of linear functions u{x, y) = a{x)y + h{x) given by 

S°° = J°° n {u^^yJ+2 = : i, j > 0}, (3.29) 

the pseudo-group action is not free. To obtain the determining equations of the isotropy pseudo- 
group at a submanifold jet z^°^' = (x, y, u^°^') G S°° we differentiate the equality 

u(/(x),e(x,y)) = u{x,y) + ^^^ (3.30) 

Jx[.x) 

with respect to x and y. Up to order 2, taking into account that Uyy = on S°°, we obtain the 
constraints 

r p _. _. ^XX f^xjxx J, J XX 

J — X, e — y, Uxjx ~r UyCx — Ux + ~j, 72 ! Uyjx — Uy -\ - , 

Jx Jx Jx 

»/. J. (^XXX rf^XXjXX (^XJXXX n^X J c 

Uxxjx ~r Uxjxx + Uxyjxdx \ UyCxx — Uxx + 7 ^ 1^ ^2 ?3 



XX 



f f2 f2 ' f3 

Jx Jx Jx Jx 



2 , t I jxxx Jc 



^xyJx ~r Uyjxx — ^xy ~r 



XX 



yJx ^ "-yjxx — "'xy ^ r f2 



Jx Jx 



on the jets of f{x) and e(x,y). Solving the equations (3.30) (and their prolongations) for the 
pseudo- group parameters we conclude that fx parametrizes the isotropy group Q\^)- 

3.2.1 Partial moving frames 

Though it is not possible to construct a moving frame on $f as in Section 3.1, it is nevertheless 
possible to introduce the notion of a partial moving frame. For n* < n < oo, where n* is the 
order of partial freeness, we introduce the n order prolonged bundle 

p(n) ^ |(,(n),^(n)) , ,(n) ^ gn ^^^ ^(n) ^ ^ W | ^ 

A local diffeomorphism h ^Q acts on the set 

{(z("),5(")) G V'f'^ I ^o"(^^"0 G dom/i} 
by 

hin) . (^W,^^) = (/iW .z("),i^,(„,(<7("))), (3.31) 

where Kf^(n) {g^"'') = hS^' ■ g^"^' ■ (/i~^) is the conjugation action. 
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Definition 3.23. For n > n*, an n^^ order (right) partial moving frame on S" is a ^-equivariant 
bundle map 



c(") . -p(") 

ri ' ' i 



B. 



(n) 



where 



B 



in) 



^(") 



S"' 



In terms of the action (3.31), right ^-equi variance means that 

A partial moving frame is constructed by following the algorithm of Section 3.1. Namely, 
a partial moving frame of order n > n* is obtained by choosing a minimal cross-section /C" C Sf 
and solving the normalization equations (3.4). By the implicit function theorem, the normaliza- 
tion equations can be solved near the identity jet and the solution will depend on the submanifold 
jet z^^' and the isotropy group parameters g^^' S ^ („)• See Fig. 2 for a suggestive illustration 
of a partial moving frame. 

Theorem 3.24. Let n > n* so that Q acts partially freely on S" C J" with its orbits forming 
a regular foliation. Then an n*^ order partial moving frame exists in a neighborhood of z^"'' G §f . 



p(") . ,(n) 



KhinM'^'^) 




/j(nj . ^(n) 



Figure 2. Partial moving frame pf\zi'^\ gi""^) = (z("),p|"^(z("),g("))), with .g(") e ^^"2,. 



,(oo) 



j(oo) 



A partial moving frame pi : Vl — )• B\ is constructed by choosing a series of compati- 
ble cross-sections /C" C S" just as in the regular case. The definition of the invariantization 
map (3.7) and the recurrence formula (3.14) still hold for partial moving frames with the un- 
derstanding that these formulas are now defined on the prolonged bundle V^ . We note that 
none of the normalized differential invariants i(z'°°') = l{x,u^°^') can depend on the isotropy 

group parameters 5^°°' S Q ^)- On the other hand, the invariantization of the jet forms dx*, O'j 
may involve the isotropy group parameters. 

Remark 3.25. The concept of partial moving frame defined above is similar to the recent 
notion of partial moving frame introduced in [32]. Indeed, given a cross-section /C?° C §?° 
defining a partial moving frame pi, its inverse image {t^^>^ {^T) under the restricted target 
map t(°^) : B^ — >• $f happens to be equal to the image of the partial moving frame pi {V^) = 
(rM)-\/C°°). 

Example 3.26. Continuing Example 3.22, and referring to [28, 30] for all the formulas, the 
prolonged bundle over the singular submanifold jets (3.29) is given by 

p(°°) = {(x,y,n(°°),/,.) : n,.^.+2=0}. 

Up to second order, the expressions for the prolonged action are 



Ux 



Ux_ 
Jx 



+ 



exU 



x^y 



P 
J X 



Jx 



Uy 



y . J XX 
X Jx 
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TT Uxx (^xxx (^xx'^y '^(^x^xy Ixx^x 'jdxJxxUy ^S-xxJxx 'J^^xjxxx q^xJx 
UXX = -F^ 7^ 1 7a r 



2 

XX 



Jx Jx Jx Jx 

TT "^xy Jxxx ~ JxxUy ^Jxx TT n 

Jx Jx Jx 

We note that Uyy = when Uyy = and more generally UxiY3+^ = 0) hj > 0. A cross-section 
to the pseudo-group orbit is given by 

IC^ ={x = y = Ux^= Ux^y = 0, i > 0} C §°°. 

Solving the normalization equations X = Y = Ux^ = Uxiy = 0, we obtain the partial moving 
frame 

/ 6 U, S-x UJxt JxX Uyjxj dxx [UUy Ux)Jx) .... 

Since the action is transitive on (3.29) there are no differential invariants. The (partially) 
invariantized horizontal coframe is 

uj^ = i[dx) = fxdx, uj^ = fx{dy — udx), 
and their structure equations are 

duj'' = fix ^ w"'', du^ = nx ^ w^, dux = 0, (3.32) 

where 

/ix = P*ifJ'x) = -F^ + Uydx 

Jx 

is the only unnormalized Maurer-Cartan form reflecting the fact that the pseudo- group jet fx 
parametrizes the isotropy group of a submanifold jet z^°^' G S°°. The structure equations (3.32) 
are isomorphic to the Maurer-Cartan structure equations of a 3-dimensional Lie group indicating 
that the surface (x, y, a{x)y + b{x)) is invariant under a 3-dimensional group of transformations 
lying inside the pseudo-group (3.28). 

4 Local equivalence 

In this section we review the solution to the local equivalence problem of submanifolds using 
the equivariant moving frame machinery. We then explain how Cartan's approach based on the 
theory of G-structures is related to the equivariant method. 

4.1 Equivalence of submanifolds 

Given two p-dimensional submanifolds S and S in M, the local equivalence problem consists of 
determining whether there exists or not a local dif feomorphism g G Q such that g- S = S locally. 
In accordance with Cartan's general philosophy, the solution to this problem is determined by 
the invariants of Q. Let /C?° be a cross-section defining a (partial) moving frame pi. Since 
the normalized invariants {X,U^°°') = i{x,u^°°') give a local coordinate system on /C?°, two 
submanifolds S and S are locally equivalent if and only if both submanifolds lie in the domain 
of definition of the same (partial) moving frame and their "projections" i.(joo'S'), i{iooS) onto /C° 
overlap (see Fig. 3). 



oo 
i 



Definition 4.1. Let T>i, . . . ,T>p be the invariant total derivative operators (3.16). A set of 
differential invariants {/«;} is said to be a generating set for the algebra of differential invariants 
if any invariant can be locally expressed as a function of the invariants /« and their invariant 
derivatives Vjl^ = Vj^Vj^ ■ ■ ■ Vj^I,^. 
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(X,f/(-))|5=(X,f/(-))|^ 
Figure 3. Signature of two equivalent submanifolds. 



First proved by Lie, [22, p. 760], for finite-dimensional Lie group actions and then extended 
to infinite-dimensional Lie pseudo-groups by Tresse, [41], the fundamental basis theorem (also 
known as the Lie-Tresse theorem) guarantees that, under appropriate technical hypotheses, 
the algebra of differential invariants is generated by a finite number of differential invariants 
and p invariant total derivative operators. For Lie group actions, recent proofs based on the 
equivariant moving frame method can be found in [9, 13]. For infinite-dimensional Lie pseudo- 
groups, a proof also exists, [28], but it is much more technical. It requires the introduction of two 
modules associated with the prolonged pseudo-group action, and assumes the action to be free 
and regular on a dense open subset of J°° . This more abstruse part of the theory is discussed 
in Section 5 where we explain how to modify the algebraic constructions introduced in [28] 
to cover Lie pseudo-groups acting regularly and freely on invariant regular subbundles of J°°. 
Further modifications will also allow us to deal with Lie pseudo-groups acting regularly and non- 
freely on invariant regular subbundles of J°°. Other proofs based on Spencer cohomology, [19], 
Weyl algebras, [25], and homological methods, [18], are also available. A global version of the 
Theorem for transitive algebraic pseudo-group actions was recently proved by Kruglikov and 
Lychagin in [17]. 

Given a Lie pseudo-group Q with regular submanifold jets V°° = UVf° and singular submani- 
fold jets S°° = US?°, the fundamental basis theorem applies to each subbundle V?° and S°°. 
Let {Ik} be a generating set on Vf° (or Sf^). Then, the normalized invariants {X,U^'^') = 
l{x,u^°°') can be expressed in terms of these invariants and their invariant derivatives 



X' 



iix 



F'{...Ik...VkI. 



m 



iiu , 



F? 



■ L 



■ VkIk 



(4.1) 



Hence, if jocS, joes' C Vf° (or §f^), it follows that their invariantization i{iooS), i{iooS) is locally 
prescribed by the generating invariants and their invariant derivatives. 



Definition 4.2. Let V°° = UV?° and S°° = US°° denote the sets of regular and singular 
submanifold jets. A submanifold 5" C M is said to be regular (or singular) if joo5' C Vf° (or 
joes' C S?°) for some i. 



Remark 4.3. Globally, it is possible that jocS does not lie in a unique subbundle Vf° or S°°. 
If so, the submanifold S should be restricted to an open subset where the containment holds. 

Definition 4.4. Let 5 be a regular (or singular) submanifold with joes' C Vf° (or jooS" C §>f)- 
Let Pi be a moving frame (or a partial moving frame) and {/i, . . . ,/^} a generating set for the 
algebra of differential invariants. The n order signature space K'"-* is the Euclidean space 
of dimension i{l + p + p^ + ■ ■ ■ + p") coordinatized by w^^> = (. . . , w^-^j, ■ ■ •), where (k; J) = 
(k, j^, . . . , J*") with 1 < K < £ and (j^, . . . , j*") ranging through all unordered multi-index with 
1 < j* < p and < r < n. The n order signature map associated with pi is the map 
I J* : S — )■ K'"-* whose components are 



Wk;J = i'DjlK)\i^S 



#J <n. 
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Remark 4.5. In Definition 4.4 the multi- index J is not assumed to be symmetric as the 
invariant total derivative operators T)j do not commute in general. In applications we can 
reduce the dimension of the n}^ order signature space KS^' by ordering as many multi-indices J 
as possible using the commutation relations (3.17) and expressing the commutator invariants Y^, 
in terms of the generating invariants and their invariant derivatives: 

p 
[Vi,Vj] = Y,Y^j(- • • ^- • • • ^kI. . ■ ■)Vk, i,j = l,...,p. 
fe=i 

(n) 

Definition 4.6. The rank of the signature map I^ at a point z £ S is the dimension of the 
space spanned by the differentials 

d[(PjI«)|.^^]|^, l<K<e, 0<#J<n. 

The signature map I^ is regular if its rank is constant on S. 

Definition 4.7. Let 5 be a regular (or singular) submanifold with joes' C V°° (or jooS" C S°°). 
The restricted moving frame (or partial moving frame) Pg = Pi\^ 5 is said to be fully regular if 

for each n > the signature map I^ : S — )• K^") is regular. 

Definition 4.8. Let pg be fully regular. The image of the n order signature map I^ 

6(")(p^) = {4")(z):zG5}clC(") 

is called the n*^ order signature manifold. 

Proposition 4.9. Let pg be fully regular, and let Qn denote the rank of the n order signature 
map I^ . Then 

< go < Qi < ■ ■ ■ < Qs = Qs+i = ■■■ =r <p = dim 5. 

The stabilizing rank r is called the rank of p^, and the smallest s for which Qs = Qs+i = r is 
called the order ofpg. 

Depending if the two submanifolds S,S C M are regular or singular we are now ready to 
state the solution to the local equivalence problem. 

Theorem 4.10. Let Q be a Lie pseudo-group acting regularly and freely on V?° C J°^{M,p), 
and Pi : V?° — )• Bl°° a moving frame. If S, S C M are two regular p-dimensional submanifolds 
with ]ooS.,]ooS C V.f°, then there exists a local diffeomorphism g £ Q mapping S onto S locally 
if and only if pg and p-^ are fully regular, have the same order s = s, and the (s+1)''* order 
signature manifolds &^~^^'{pg), 6^^~^^>{pg) overlap. Moreover, if z £ S and z £ S are mapped 
to the same point 



l(f+i)(z) = t+^\z) G &^'+^\ps) n 6(^+i)| 



Ps) 



on the overlap of the two signature manifolds, then there exists a unique local diffeomorphism 
g £ Q mapping z toz = g-z. 

Proof. Let Ji, . . . , Jr be a set of invariants parametrizing the s order signature manifold 
S (as)- By assumption, there exist signature functions Fk;k{wi, . . . ,Wr), such that 

VKlK = FKMl,...,Jr), K =!,...,£, #K<s. 
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Furthermore, the invariants Ji, . . ., Jr also parametrize the (s+l)**^ signature manifold 6^^^^\pg). 
Hence, there exist signature functions Fi-y{wi, . . . , Wr) such that 



By the chain rule 



ViiVKlf^) 






v=\ 



dJv 



l,...,r, i = l,...,p. 



• 7 "^rj ■ ^i;v{Jlj • • • ) Jr 



and we conclude that once &^~^^' {pg) is known, the signature manifold 6^'^'^ ' {pg) for A; > 2 is 
obtained by invariant differentiation. 

Using the assumption that the signature manifolds G^'^~^^'{pg) and 6^^^^>{p-^) overlap, it 
follows that the invariants {/i, . . . , Ii} generating the algebra of differential invariants and their 
invariant derivatives are locally equal when restricted to S and S. By (4.1), the restriction of 
the the normalized invariants X^\s = X''\^ and Uf^\s = U^\-g are also equal. Hence, given z £ S 
and z G 5 for which I^^ (z) = I^ '(z) we conclude that L{iooS\z) = t'{iooS\z)- Now, let h, 
h €z Q such that 

h^'^^'lz = Pi{iooS\z) and /i °° 1^ = /Oi 000 5*1^). 

Since ?(°°)((7^^°°^|^)-') 

(locally) well defined and by construction g^°°' • joo5'|^ = iooS\z- In the analytic category, this 

implies that g ■ S = S locally, and in particular g ■ z = z. ■ 

Theorem 4.11. LetQ be a Lie pseudo-group acting regularly onSf C J°°(M, p) andpi: P^ — )• 
i3j a partial moving frame. If S,S C M are two p-dimensional singular submanifolds with 
joo5',joo»S' C §f°, then there exists a local diffeomorphism g £ G sending S onto S locally if and 
only ifjSg and p-^ are fully regular, have the same order s = s, and the (s+1)^* order signature 

manifolds &^^^^'{pg), (3'*^^^(/%) overlap. Moreover, if z £ S and z £ S are mapped to the 
same point 



iiooSlz) = i{iooS\z) = t(~)(/i(-)|,), the map 5 = ^ 'oh^G 



IS 



ir'^(-) 



t^'\z)£6^'+'\ps)ne'-'+'\p-. 



on the overlap of the two signature manifolds, then there is a family of local equivalence maps 
sending z to z. Any two equivalence maps g, g are related by 



g = hog oh, with 



^(oo)|^^^M ^^^ /,(oo)|^eg(°o) 



Proof. The argument is identical to the proof of Theorem 4.10. The only difference is that 
the local diffeomorphism g £ G mapping S onto S in the neighborhoods of z G S" and z £ S is 
not uniquely defined. The diffeomorphism g £ Q can be precomposed by any h £ Q satisfying 



^ I2 £ Q\s\ ^'^^ composed hy h £ Q with h 



='joo5| 



'- £ ^ 4i ^° obtain a new equivalence map 



g = hogoh. 



4.2 Equivalence of coframes 

In Cartan's framework, local equivalence problems are solved by recasting them as equivalence 
problems of coframes. We briefly explain how this is related to the equivalence problem of 
submanifolds. Let ?^ be a Lie pseudo-group acting on a p-dimensional manifold X, and let 



OJ 



UJ 



y ^u){x)da 



,P 



u 



UJ 



y^Uj{x)d. 



■x^ , i 



,P 



} (4.2) 
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be two coframes on X adapted to a given equivalence problem. We refer the reader to [10, 26] 
for a detailed account as to how to formulate equivalence problems using coframes. The local 
equivalence problem for the coframes (4.2) consists of determining whether there exists or not 
a local diffeomorphism ip £ Ti such that 

p 
d^*{uJ') = Y,h]{xW. i = l,...,p. (4.3) 

The matrix (hUx)) € GL{p) in (4.3) is contained in a Lie group H called the structure group 
of the equivalence problem. As in the equivariant moving frame approach, the primary goal of 
Cartan's equivalence method is to reduce the i7-structure to an {e}-structure by normalizing 
the group coefficients /i*- after which it is possible to determine if the two coframes (4.2) are 
locally equivalent. 

Since coframes on X are local sections of the coframe bundle J-'{X), the equivalence problem 
of coframes can be interpreted as an equivalence problem of p-dimensional sections in J^{X). Let 
M C J^{X) be the subbundle of all coframes (4.2) adapted to a given equivalence problem. The 
action of "^^ on X naturally induces a Lie pseudo-group action Q C Ti^^' on the subbundle M 
via the equivalence criterion (4.3). Two coframes U), u are then locally equivalent if and only if 
their corresponding sections S,S G M are equivalent up to a local diffeomorphism g E Q. 

There are three possible outcomes to the coframe equivalence problem, each having their 
counterparts in the equivariant moving frame method. Borrowing the terminology used in [26], 
after a series of normalizations and prolongations, the three outcomes to Cartan's algorithm are: 

a) Complete normalization: The /f-structure reduces to an {e}-structure. This occurs when 

a section in M C J~{X) is regular and lies in the domain of definition of a moving frame. 

b) Prolongation: The coframe is prolonged to a larger space on which the equivalence problem 

reduces to an {e}-structure. This situation occurs when a section 5 C M is singular and 
the isotropy group G L is finite-dimensional. 

c) Involution: The structure equations of the (possibly prolonged) coframe are in involution 

with nonzero (reduced) Cartan characters. This happens when a section 5" C M is singular 
and the isotropy group G L is infinite-dimensional. 

]ocJ\z 

We now illustrate each outcome with an example. At the same time we indicate some links 
between Cartan's approach and the equivariant moving frame method. 

4.2.1 Complete normalization 

Let Tihe a Lie pseudo-group acting on a manifold X with local coordinates x = (x^, . . . , x^) and 
G C TiS^' the induced pseudo-group action on the subbundle of coframes M C J^{X) adapted 
to an equivalence problem. Given a moving frame pi : V°° — )• B^ and a regular section S C M 
with jocS* C Vf^, an invariant coframe on X is obtained by restricting the invariant horizontal 
1-forms oj^ = L{dx^) to S: 

u}=ijj\s = {uj^ = p*{djX^) = L{dx^)}\^. (4.4) 

The coframe derivatives are then given by the invariant derivative operators 

^^■ = ^^'^ = a^' ^■ = i'--"P- 

Provided the cross-section defining the equivariant moving frame pi is compatible with the 
normalizations leading to an {e}-structure in Cartan's coframe method, the coframe (4.4) will 
be equivalent to the one obtained via Cartan's procedure. 
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In Section 3, we saw that the structure equations for the coframe (4.4) can be deduced from 
the universal recurrence relation (3.14). In preparation for the next section, it is more convenient 
to recover these equations from the structure equations (2.10) of the equivalence pseudo-group. 
Let z = (x, n) be local coordinates on M ~ Xx [/. Then, comparing the identities dZ"" = a'^+^"', 
a = 1, . . . , m, with the order recurrence relations 

p 

dX'=uj'+n\ i = l,...,p, dU'' = ^U;j'J +fj,P^", a = l,...,q, 



i=i 



we see that 



a^ = uj' while ctP+" = ^C/°w^'. (4.5) 

i=i 

Hence, pulling-back the structure equations for a^, . . . ,aP in (2.10) by the moving frame pi we 
obtain the structure equations for the coframe (4.4). 

Remark 4.12. The pull-back by pi of the remaining structure equations for a^~^^, . . . , o"™' and 
the Maurer-Cartan forms p^ yields syzygies among the normalized invariants. As these syzygies 
can be recovered from the recurrence relations (3.15), we can ignore these normalized structure 
equations. 

Example 4.13. To make some analogies between the equivariant moving frame method and 
Cartan's coframe approach, the pseudo-group jets need to be recursively normalized in the equiv- 
ariant formalism, [32]. We illustrate this by considering the generic branch I) of Example 3.13. 
Based on the cross-section (3.25) a moving frame is obtained by solving the normalization equa- 
tions 

X = U = P = Qp4 = Qp5 = Qpiu = Qpix = 0) Qp'^x^ = 1) 

Qc/jxfe = Qpu^x'' = Qp^u^ = Qp^u^x = Qp^u^ = Qp'^u^x = Oi Ji k>0. (4.6) 

In the recursive moving frame construction, the idea is to normalize the submanifold jets (or 
solve the normalization equations) in stages. For example, at order we solve the normalization 
equations 

X = U = P = Q = 

to obtain 

X = 0, V' = 0, Ipx = -Pipu, Ipxx = - {qipu + P'^i'uu + ^pipxu) ■ 

Then the (partially) normalized coframe (4.4) yields the G-structure 

'DxX 

i^u \\du-pdx\ (4.7) 

which is the starting point of Cartan's method. The next step in Cartan's algorithm is to 
compute the structure equations for the 1-forms (4.7). For the problem at hand, the resulting 
structure equations are then prolonged, [26, p. 403]. To obtain the same structure equations, 
using the equivariant formalism, we must normalize 

Qu^x*" — Qpu^x^ — 0) i) A; > 0. 




X,u 


\ 


/ dx 


D.x 





du — pdx 
\dp — qdx 
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The recurrence relations (3.13) are then used to obtain expressions for the (partially) normalized 
Maurer-Cartan forms /i, v, vx, I^u^x''+^j '^c/ix'=+2) i) ^ ^ 0- For example, the low order norma- 
lized Maurer-Cartan forms are 

vxx = T^uxx = T^xxx = 0, ^xx = "^^ux + Qpp(^^- 

Substituting these expressions into the structure equations (2.20), and recalling equality (4.5), 
we obtain 

duj^ = ^x f\ ^^ + ^^u f\ ^^, 

duj"" = uu ^ oj'^ + oj'' ^ io^, 

duj'P = uux A w" + {vu - fJ'x) A co'P, 

dfJ-x = -'^T^ux A o;^ - ^ux A w" - /if/ A o;^ + Qppuj^ A cj^, 

d^iu = -fJ-uu Auj"^ - uux A a;""' + //[/ A (i^u - f^x), 

dvu = —Uux A Ci;^ + /it/ A w^ — vuu A uj^ , 

dfux = -J^uux A /u" + {flux - t^uu) A tjP + uux A nx- (4.8) 

These equations are equivalent to the ones obtained using Cartan's method, [26, pp. 403-404]. 
The correspondence is given by 



e^ o w". 


e^ o ujp, e^ o L^^, 






vr^ o uu, 


vr^ ^ Uux, 71"'' O //[/, 


vr^ o /ix, 




p^ o -uuu, 


p^ o -uuux, p^ ^ ■ 


-fJ-ux, / ^ ■ 


-Puu 



T o -Qpp. 

The next step in Cartan's algortithm is to normalize Qpp = 0. In the equivariant setting, 
we now set Qppjjj = 0, j > 0, which leads to the normalization of the Maurer-Cartan forms 
Puj+^x- Foi^ example, the first normalized Maurer-Cartan form is 

^^ux = ^ {Qpppu^^ + Qppxoj"" + 2uuu) , (4.9) 

which we then substitute in (4.8). The invariants Qppp and Qppx in (4.9) are essential torsion 
coefficients of the resulting structure equations and the next iteration of Cartan's algorithm 
is to normalize these invariants to zero. In the equivariant moving frame framework we now 
set Qpsuj = Qp^u^x = Qp^ijix = 0, j > 0, and normalize the Maurer-Cartan forms Pu3+2, 
i'jjj+2x, Ujji+3^ j > 0. At this point we have recovered the universal normalizations (3.20) and 
all the Maurer-Cartan forms are normalized except for (3.21). From the recurrence relations, 
the low order normalized Maurer-Cartan forms are 



vuxx = 0, 

(4.10) 

Substituting (4.10) into the structure equations (2.20) we obtain the structure equations for the 
eight-dimensional invariant coframe {w^, w", cj^, px, fJ'U, ^u, ^ux, i^uu}'- 

duj"^ = px ^ ^^ + Pu ^ "^"j 
dw" = uu A uj'^ + to'' A ujP, 



fl = -U)^, V = -uj'^, 


ux = -w^, T^XX = 0, 


IJ-XX = "^l^UX, fJ'UX 


= 2^uu, fJ-uu = -^Qpi^^, 


VUXX = gQpaxaw"^) 


^uuu = o (Qp*x^^ + Qp-^x^ 
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dujP = uux A w" + {uu - fix) A ujP, 

dfJ-x = -^i^uu A o;^ - 2uux A u"" - flu A ^^, 

dfiu = -7,'^UU A w"" + -QpAUJ^ A w^ + {fix - vu) A flu, 
dvu = —vuu A cj" — vux /\U}^ + flu A LO^, 

dyux = ~2'^uu A w*' + uux A fix + -(5p2x2w" A w^, 

di/(/C7 EE 2vux /\fiu + T^UU A i^f/ + -Qp4xw" A wP + -Qp3x2w" A w^. (4.11) 

These equations are equivalent to Cartan's structure equations [26, equation (12.72)]. The 
correspondence is given by 

uj'^^e^, w"o0\ w^o^^^ 

fix ^ TT^, fJ'U ^ T^^, ^U ^ 7r\ VUX ^ TT^, ^UU ^ -P, 

QpA o %Ki, Qp2x2 ^ QK2, Qpix ^ 3K3, Qpax-i ^ 3K4. 

The structure equations (4.11) and identity dod = imply that Qpax^ = T^pQp^x^ ^^^ Qp^x = 
VxQpi- We note that these differential relations can also be deduced from the recurrence 
relations (3.24). 

At this stage, the equivalence problem splits into the branches identified in Example 3.13. 
For the generic branch, corresponding to Case I), we can normalize the remaining pseudo- 
group parameters by making the normalizations (4.6). To obtain the structure equations of the 
invariant coframe {(^^,a;",a;P} we use the recurrence relations to find the expressions for the 
low order normalized Maurer-Cartan forms 

fi = -u}^, v=-uj^, ux = -OJ^-, fLu = --{Qp5x(^^ + Qp5u'^^ + Qpe^^), 

2 _ _ 1 / X u _ 

-fix = vu = J {Qp2x3io^ + Qp2ux20j'^ + Qp3x2UjP) , i^xx = 0, 
i^ux = - {Qp4x2^^ + Qp^ux^"" + Qp^x^^) ■ (4.12) 

Substituting (4.12) in the first three structure equations of (4.11) we obtain 

/3 1 \ 3 1 

duj'' = -Qp2ux2 + -^Qp^x ]uj'' Au^ + -Qp3x2(^^ A LJ^ + -Qpeuj'' A w^, 
\» 5 / 8 5 

duj"" = uj'' AujP + -Qp2x3io'' A w" + -Qp3x2UjP A c^", 

duj^ = I Qp5x - -^Qp^ux^ j cj" A w^ + Qp4x2uj^ A w^ + -Qp2x3U}^ A uf . 

Extracting the invariants from the structure coefficients, it follows from Cartan's moving frame 
theory that the normalized invariants 

Qp-ix2, Qp2ux2, Qp2x'3i Qpc>, Qp5x, Qp-ix^ (4-13) 

form a generating set for the algebra of differential invariants. We note that the generating 
set (4.13) does contain all the normalized invariants of order < 6. Based on the normaliza- 
tions (4.6), the complete list of normalized invariants of order < 6 is 

Qp3x2, Qp2ux2, Qp2x^, Qp^, 

Qp5u, Qp5xy Qp^u^, Qp'^ux, Qp-^x^- 
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Using, as always, the recurrence relations we can check that the extra invariants Qpsf/, Qp4[/2, 
Qpijjx can be expressed in terms of (4.13) and their invariant derivatives: 

5 r 3 1 

Qp^U = a T^uQp^iX^ -T^pQp^UX^ - T7,Qp3X^Qp^UX^ +Qp^xQp^X'^ + -Qp6Qp2x3 

D [ lU 5 

Qp^UX = 7. T^vQp'^X'i -^xQp2{7x2 + oQp^UX2Qp^X'i +QptX^Qp''iX2 + -=Qp5xQp2X'i 
[ o 5 

(3p4^2 = - VuQpsx -T^xQpsu+jQp'^xQp^ux^ + -^Qp^x+Qp^'Qp^x^ - -^Qp^uQp^x'i 

The structure equations for the invariant coframe {a;^,a;", w^} and the determination of 
a generating set of invariants for the other regular cases of Example 3.13 are obtained in a similar 
fashion. 

4.2.2 Prolongation 

We now assume that a section S <Z M C J^{X) is singular with joes' C S?°. Also, we consider 
the case when the isotropy group Q L is finite-dimensional and locally parametrized hy g = 

Let fj, = {/i^, . . . , /i*"} be the Maurer-Cartan forms associated with the isotropy group param- 
eters g = {gi, . . . ,gr)- Then the invariant horizontal 1-forms (4.4) together with the Maurer- 
Cartan forms /J, = p*{iJ.)\s constitute an invariant coframe on the prolonged bundle V!^°^ \s- As 
in the previous section, the structure equations of the prolonged coframe {w,/i} are obtained 
by puUing-back the structure equations of the equivalence pseudo-group by the partial moving 
frame pi. 

Example AAA. Li Example 3.18 we saw that if the fourth order (relative) invariants Qpi = 
Qp2x2 = are identically zero then all higher order invariants (3.22) are also equal to zero. 
Hence, in Case IV) the only invariants are constant functions, and two singular second order 
ordinary differential equations are equivalent under point transformations, [5, 10, 26, 40]. 

Setting Qp4, = Qp2x2 = Qp^x = Qp^x'^ = in the structure equations (4.11) we obtain 
the Maurer-Cartan structure equations for the eighth-dimensional symmetry group of point 
transformations (isomorphic to SL(3)) of a singular second order ordinary differential equation: 

duj^ = px f\ ^^ + ^t/ A w", 

dujP = uux A w" + {uu - px) A ijj'P, 

dfJ-U = -^i^UU A cj"" + {px - i^u) A pu, 

dvu = pu ^^^ — ^UX A w^ — uuu A w", 

dpx = -2uux A tj^' - -i^uu A tj" - /ic/ A ujP, 

dvuu = '2'^ux f\pu + t^uu A l^u, 

dfux = vvx f\px- -j^ny A iJ'. (4.14) 

Restricting (4.14) to a fixed point {x,u,p) we obtain the structure equations 

dpx = 0, dpu = (px - vu) A pu, dvu = 0, 

dvuu = '2vux ^Pu + 'i^uu ^^u, duux = '^ux /\px, (4-15) 
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for the five- dimensional isotropy group G \^y Identifying the jets of a local vector field (2.7) 
with the coefficients of its Taylor expansion, [33, 42]: 



>. Cij(^o) ^i Q^, 



a=l #B>0 

the fiber J°°TM\zq inherits a Lie algebra structure. The monomial vector fields 

vf = m^^. #iJ>0, o = l,. ..,,„, 

provide a basis of the vector space ,1°°TM\zq and they can be identified as dual vectors to the 
Maurer-Cartan forms fJ'%\zo- Choosing, for simplicity, zq = {xo,uo,po,qo) = 0, the isotropy Lie 
algebra at the origin is spanned by the infinitesimal generators^ 

d d d 

V^ = X V^ = II, — v" = II, — 

r, d d ,, xu d u^ d 

V = T 1- T1I V = 1 

^ux ^ dx du' "" 2 5x 2 du' 

and satisfy commutation relations dual to (4.15). That is, 

[v"" v"* 1 = v"* [v^ v" 1 = 2v" [v" v"* 1 = v"* 

K,v^]=vS, [<,<]=<■ 

The corresponding 5-dimensional isotropy group is generated by the local transformations 

(X, U) = (Aix, n), (X, U) = {x + em, u), (X, ^7) = {x, Aau), 

{X, U) = f-^, -^^] , (X, U) = (-^— , -^^ 

V 1 — e2X 1 — t2X J V 1 — £3"" 1 — esw 

which can be prolonged to p = -u^; , q = u^x ■ 

4.2.3 Involution 

We now consider the case when the isotropy group is infinite-dimensional. As in the preceding 
section, let g^"'' = {gi, . . . ,grn) denote the pseudo-group jets parametrizing G\^L and let /J,^^' 
denote the corresponding Maurer-Cartan forms. Since the isotropy group is infinite-dimensional, 
the collection of 1-forms {a;,/x*-"^} does not form a coframe on the prolonged bundle V^"' \s- 
Nevertheless, the structure equations for the 1-forms {w,^'"'^} are still obtained by pulling-back 
the structure equations of the equivalence pseudo-group by the partial moving frame. 

Example 4.15. In this example we consider the local equivalence of second order ordinary 
differential equations (2.11) under the pseudo-group of contact transformations (2.12). Ta- 
king into account the linear relations (2.16) among the Maurer-Cartan forms, the recurrence 
relations (3.13) for the lifted invariants are 

dQj = Qj,xuj'' + Qj,u^'' + Qj,puP + /i^,, 

+ Oj[Pfifj + g/i^ - Q(/i^ + Pfifj + Qfif,) 

- /i"Qx - /^"Qc/ - f^^Qp] + f^''Qj,x + ^^''QJ,u + f^''Qj,p- (4.16) 



The infinitesimal generators are prolonged to p = Ux and q = Uxx using formula (3.10). 
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Since the Maurer-Cartan forms fJ-^x ^^^ linearly independent, it follows from (4.16) that the 
equivalence pseudo-group is transitive on J°°. Also, the inequality dim ^ *■"'•' > dim J" for all n 
implies that the prolonged action is nowhere free and all submanifold jets are singular so that 
§°° = J°°. Choosing the cross-section 

/C- = {x = n = p = gj = 0, #J>0}, 

the normalized Maurer-Cartan forms are 

The structure equations for the invariant 1-forms u) = {co'^ , co^ , uj^} are obtained by substituting 
a^ = — /x* = w*, 1 < « < 3, into the structure equations (2.17). Taking into account that (2.16) 
implies /i^ = f^ijx '^hen P = 0, we obtain 

duj^ = ^^ A w^ + /if} A w" + ^P A LO^, 

duj''= /i^ A w" + w^ A wP, 

dujP = i^^xu A ^" + {f^u - l^x) A w^. (4.17) 

These equations are equivalent to the structure equations [26, equation (11.5)] obtained using 
Cartan's approach. The correspondence is given by 

T^'^ ^ I^U-fJ'X, TT^O/x^, vr^O/x^. 

By Cartan's involutivity test, [2, 15, 26], the structure equations (4.17) are involutive. In 
Section 6, following Seller's book [35], Cartan's test based on the algebraic theory of involu- 
tion is introduced. This offers an alternative way of verifying, for example, that the structure 
equations (4.17) are involutive. 

5 Algebra of differential invariants 

As seen in Section 4, the fundamental basis theorem is at the heart of the local equivalence 
problem solution. Following [28], we now introduce the algebraic constructions used to prove 
the fundamental basis theorem for Lie pseudo-groups acting freely and regularly on dense open 
subsets of J°° . Once this is done we explain how to modify the algebraic constructions to take 
into account Lie pseudo-groups acting freely and regularly on invariant regular subbundles of J°° . 
Further modifications will allow us to deal with Lie pseudo-groups acting regularly and non- 
freely on invariant regular subbundles of J°°. The main conclusion is that, with the appropriate 
modifications and regularity assumptions, the algebraic proof of the fundamental basis theorem 
given in [28] extends to Lie pseudo-groups acting regularly and freely (or non-freely) on invariant 
regular subbundles of J°° . 

5.1 Regular submanifold jets 

Let ^ be a Lie pseudo-group acting on an tti- dimensional manifold M. For the moment we 
restrict our considerations to a dense open subset V°° C J°° where the action becomes free at 
order n*. 

Let ]R[t,T] denote the algebra of real polynomials in the variables t = (ti, . . . ,tm) and T = 
(ri,...,T™), and define 



r = \ r/(t, T) = J2 Vait)T^ \ ^ M[t] R'" C R[t, T] 



a=l 
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to be the M[t] module consisting of homogeneous hnear polynomials in the variable T. Let 
T" C T denote the subspace of homogeneous polynomials of degree n in t. The notations 
T-" = (B^^qT'' and T-" = ©^^T*^ are used to denote the space of polynomials of degree < n 
and > n in t. Let H : T — >• 7" be the highest order term operator defined by the requirement 
that for / r? G T-" with / H(t?) G T" the equality rj = H(?7) + A holds for some A G T-"~^ 
Locally, let (J°°TM)* c^ M x T via the pairing (jooV;t_BT") = Cj^. Then, an n*^ order hnear 
differential equation 

m 

L(Z,C(")) = 5; E ^fWCB = (5.1) 

can be identified with the parametrized polynomial 

m 

v{z;t,T) = Y.Y1 ^a{z)tBT^ e r^^ (5.2) 

a=l #_B<n 

Definition 5.1. The symbol S(L) of the n* order (non-zero) linear differential equation (5.1) 
consists of the highest order terms in its defining polynomial (5.2): 

m 

E[L(z,C("))]=H[,7(z;t,r)] = j; ^ /if (z)tBT'^ G T"". 

a=l #B=n 

Let £ = (J°°b)"'" C (J°°TM)* denote the annihilator subbundle of the infinitesimal generator 
jet bundle, and define 

X = H(£) (5.3) 

to be the span of the highest order terms of the annihilating polynomials at each z G M. Since 
the infinitesimal determining system (2.8) is formally integrable, it follows that the system is 
closed under differentiation with respect to the total derivative operators D^a. At the symbol 
level, since total differentiation with respect to D^a corresponds to multiplication by ta 

Y^(jiz°-L) = taS(L), a = 1, . . . , m, 

where L is of the form (5.1), it follows that at each point z €z M the fiber I\z forms a graded 
submodule of T- This submodule is called the symbol module of the Lie pseudo-group at the 
point z. 

We now introduce a second module called the prolonged symbol submodule of the prolonged 
infinitesimal generator (3.10). Introducing the variables s = {si . . . , Sp) and S = (5^, . . . , S''^), 
let 



denote the 'R.ys] module of polynomials that are linear in S. The module S is extended to 

oo 



n=-l 



by introducing S^"^ = {c • s = cisi + • • • + CpSp] ~ W , where s = (?i, . . . , Sp) G M^ are extra 
variables. The space 5 is endowed with the structure of an M[s] module by taking the usual 
module structure on S and setting 

T{s)'si = T(0)si for any polynomial t(s) G M[s]. 
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The space S is called the submanifold jet module. A highest order term operator H : 5 — >• 5 is 
also introduced on S. For a(s, s, S) = c • s + a{s, S) with a{s, S) ^ we require that 

II[a(S,s,S)] = U[dis,S)]. 

In other words, the elements of S^^ have zero highest order term. We also fix a convenient 
degree compatible term ordering on the monomials of S. For example, one could choose the 
degree lexicographic ordering, [35]. 
Given an arbitrary vector field 

i=l a=l#J>0 J 

whose coefficients do not have to be the coefficients of the prolonged vector field (3.10), the 
cotangent bundle r*J°° is identified with J°° x S via the pairing 

p 
{-V;s,)=e, (V;5")=g" = <Aa-5]<r, (V;sjS") = <pi # J > 1. (5.4) 

Fixing z(~) G V°° C J~ with 7rg°(z(°°)) = z, the prolongation map p = p^'^^ : J°^rM|^ -^ 
TJ°°\^(oo) given in (3.11) induces the dual prolongation map p* : 5 — t- T defined by 

(jooV;p*(a)) = (p(joov);a) = (v(°°);f7) for all j^^v G J'-TMU and a G 5. 

Next, let 

q 
Pi{t) = ti + '^uftp+a, i = l,...,p, (5.5) 

a=l 

P 

B^{T)=TP+''-^u'^T\ a = l,...,g, (5.6) 

1=1 

where uf = du'^ jdx^ are the first order jet coordinates of the fixed submanifold jet z^"^'. Geo- 
metrically, the polynomial B°'{T) is the symbol of the characteristic component Q" appearing 
in (5.4) while /3j(t) represents the symbol of the i total derivative operator D^n 

S(D,.L)=A(t)E(L), 

where L is any linear differential equation in the vector field jet coordinates. For fixed first 
order jet coordinates uf, the polynomials (5.5) define a linear map 

jS; RSm^j^m given by Si = /3i(t), S'^ = B'^{T), (5.7) 

and iov a{s, S) £ S C S the equality 

H[p*(a)]=r[H(5)] (5.8) 

holds. 
Definition 5.2. The prolonged annihilator subbundle of the prolonged Lie algebra g^^' at 

^(oo) g yoo ig 

Z={Q^'^\,^))^ = ip*)-'CUcS. (5.9) 

Furthermore, let 

U = H(Z) C S 

be the span of the highest order terms of the prolonged annihilator subbundle (in general, U is 
not a submodule). 
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Definition 5.3. The prolonged symbol suhmodule is defined as the inverse image of the symbol 
module (5.3) under the polynomial pull-back morphism (5.7): 

J = {0*y\lU) = {ais, S)eS: P*iais, S)) = dm),B{T)) G XU} C S. (5.10) 

From (5.8) and (5.9), the containment lA d J always holds. When the action is locally free 
the containment becomes an equality, 



Lemma 5.4. Let n* be the order of freeness. Then for all n > n* 

Given a moving frame p: V°° — )• B^°^\ the invariantization map is used to invariantize the 
preceding algebraic constructions. For example, the invariantization of a section 

m 

r,{x,u;t,T) = Y, Yl C(^>^)*B^" 

a=l #B<n 

of the annihilator bundle C is the polynomial 

fj{X,U;t,T) = L[7]{x,u;t,T)] = Y, E h^{X,U)tBT- 

a=l #B<n 

obtained by replacing the coordinates {x,u) on M by their invariantizations {X^U) = l{x,u). 
Similarly, the invariantization of a prolonged symbol polynomial 

<? 
a(x,n(^);s,5) = E ^ hi{x,u^^^)sjS'' € S^"" 

a=l #J<n 

is the polynomial 

a{X,u('^\s,S) = i[d{x,u^''^;s,S)] =J2 E hi{X,U^'^'))sjS''. (5.11) 

a=l#J<n 

Let ^"|^(„) = t(Z^")|^(„) and J""]^,™) = /-(J")|^(„). The equality Z^"|^(„) = ^'"I^m for ah 

n > n* is the key to proving the fundamental basis theorem. Since J^ | („) is a polynomial 
ideal it has a Grohner basis, [8], which brings algebraic structure into the problem. After 
identifying the polynomial (5.11) with the differential invariant 

a=l#J>0 

the following result was proved in [28]. 

Theorem 5.5. Let Q be a Lie pseudo-group acting freely and regularly on V" C J" , where n* 
is the order of freeness. Then a finite generating set for the algebra of differential invariants 
consists of 



the differential invariants L^ = I^^, where cJi, . . . , cr/ form a Grobner basis for the inva- 

riantized prolonged symbol submodule J , and, possibly, 

a finite number of additional differential invariants of order < n* . 
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Remark 5.6. While Theorem 5.5 yields a generating set for the algebra of differential inva- 
riants, it certainly does not imply that this set is minimal. Unfortunately, there is, to this day, 
no algorithm for determining whether a generating set containing more than one differential 
invariant is minimal. 

The algebraic considerations introduced above and the proof of Theorem 5.5 assumes the 
pseudo-group acts freely and regularly on a dense open subset V°° C J°°. In Example 3.13, this 
would correspond to the set of regular jets Vf^. For the other regular subbundles V|°, . . . , V^ of 
Example 3.13, we must incorporate into the algebraic constructions the dependencies among the 
submanifold jet coordinates introduced by the determining equations (3.26). To achieve this, 
a second identification of the one-forms on J°° with polynomials in S is introduced, [28]. This 
identification is given by 

dx' ^^ li, du'} ^^ sjS'^. (5.12) 

Under the correspondence (5.12), the exterior differential of an n order differential equation 
^(a;,n(")) =0 

i=l a=l#J<n J 

at a submanifold jet z^"'> = (x,u^"'') can be identified with the parametrized polynomial 

P fiTP '' Pip 

a(.(");?,.,5) = 5:g(x,nW)l. + 5: Y. ^(., nW)..5" E 5^". (5.13) 

1=1 a=l #J<n J 

Definition 5.7. The symbol S(ii^(z'"''')) of an n order (non-zero) differential equation S(z'")) 
= E(^x,u^"''^ = at a submanifold jet z^"'' = (x,u'"''') consists of the highest order terms in the 
parametrized polynomial (5.13): 

S[i?(zW)]=HKzW;S^,.,5)]=j: Y. ^(-^"^)«.5"G5^ 

a=l #J=n J 

Now, let V?° C J°° be an invariant regular subbundle with determining system 

^|°°^(x,n(°^)) =0. (5.14) 

Since the system of differential equations (5.14) is formally integrable, its symbol at a fixed 
submanifold jet 2:*^°°) = (x, u^°°^) 

f4(^)=s[i?^H.(-))]=H[(r,(.)Vr)1 

is a submodule of the submanifold jet module S. Let A^j|^(oo) C S denote the monomial module 
generated by the leading monomials (with respect to a chosen term ordering on S) of the 
symbol module £^j|^(oo). We can assume, possibly by restricting to an open subset and employing 
5-regular coordinates (see Definition 6.4 below) that generically M.i\^{oc) = Mi does not depend 
upon z(°°) G Vf^. Let 

Si = S-^ e span {sj5° ^ Mi] C S 
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denote the i*^ restricted submanifold jet module spanned by all monomials not in the monomial 
module Adi to which we add S^^. Applying standard Gaussian elimination we can construct 
a linear basis for the space £i\^{oo) of the form 

siSf^ + Yl hi{z^''^)sjS'' for all sjS^eM'l, n>0. (5.15) 

A similar statement holds for the subspace {T^(ac)V^)'^ , where the sum in (5.15) now runs over 
all the monomials in Sf"". Therefore, Si is a fixed complement to the symbol module £i\^(oo) 
and the annihilating subspace {T^(<x,)V!?°)-^ : 

S = S^(BM^ = Si(B £i\^(^) =Si® (r^(.o)Vr)^. 
We can thus identify the submodule 

Si c^ s/{£iU^,) ^ cS/(r,,^)Vr)^ ^ rV)Vr 

with the dual space of V?° at the point z^°°' G V?°. Under the identification (5.12), the mono- 
mials sjS° E Si indicate the parametric jet variables u" on Vf°. 

On each invariant regular subbundle V°°, the algebraic constructions introduced before Re- 
mark 5.6 still hold provided the submanifold jet module S is replaced by the restricted submani- 
fold jet module Si. Also, since V?° is ^-invariant, the determining system (5.14) is invariant and 
the invariantization of the algebraic constructions is well defined. In particular, the fundamen- 
tal basis Theorem 5.5 still holds (with n* replaced by n* and J^ replaced by J^^ * , where 

J^ = m-H'^\z)CSi). 

Example 5.8. Continuing Examples 3.13 and 4.13, since in the generic case Vf° is a dense 
open subset of J°° the restricted submanifold jet module is the whole submanifold jet module: 
Si = S. On the other hand, on V^ the differential constraint Qp4 = implies that 

Qx'(7ip'=+4 — or equivalently Qx^uip'^+'i = ^^ h3,k>Q. (5.16) 

The symbol associated to the determining system (5.16) is 

£2 = M2 = span{44'5p'^^5' : i, j, A; > O}, 
and the corresponding restricted submanifold jet module is 

52 = span{?^,Su,Sp} © span{s^s:^Sp5 : < fc < 3 and i,j > O}. 

Similar restricted submanifold jet modules 53, . . . , ^5 for the subbundles V^^, . . . , V^ can be 
obtained. 

5.2 Singular submanifold jets 

We now assume that z'°°' G S?° C J°° is a singular submanifold jet where the pseudo-group Q 
acts regularly but not freely. As in the previous section, let Si denote the restricted submanifold 
jet module associated with the regular invariant subbundle Sf^. Let 

joog^(oo) = ker pI^(oo) n J^flU, z = tt^ (z(°°)) 

be the vector field jets of the isotropy Lie algebra at z^°°K Identifying {J^Tm)*\z with the 
symbol module T, we introduce the isotropy annihilator vector space 

(JOO02(OO)) =7i cT. 

To streamline the notation we have suppressed the dependence of 71 on the submanifold jet 
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Proposition 5.9. Let n* be the order of partial freeness of G on S?°. Then for n > n* and 

p*(5,^")+£^"U = 7;^". (5.17) 

Proof. For z^ "> G S" and n > n* we have 

j„0,(„) = kerpWL(„) n rsU = (mg(pW)*)^ n (£^"|.)^ = (p*(5|^") + £^^^1.)^, 

from which (5.17) follows. ■ 

Lemma 5.4, essential to the proof of the fundamental basis Theorem 5.5, also holds at a sin- 
gular submanifold jet. 

Proposition 5.10. For n > n* and z^'^' G Sf , 

Ui\^[n) = Ji"'|^(n). (5.18) 

72*4-1 

Proof. By induction, it suffices to prove (5.18) when n = n*+l. Let Q ^ J^^ \ (n*+i) and 
p = p*(Q). By (5.8) and (5.10) 

H(P) = H[p*(Q)] = r [H(Q)] = P*{Q) G X<+i|., 

and we conclude that there exists Y G T-"* such that P + y G £"'^^12. Actually, we have 
that Y G T~ * . To see this, we first observe that the formal integrability of the determining 
equations of the isotropy group Q ,\. implies that the projection T~ ' — )• T~ ' is surjective. 

Hence, by Proposition 5.9, since P + Y and P are in T~ ' we have that 

Y = {P + Y)-PeTf'^. 
Now, let U G 5f "' and V G £-"^ |^ such that Y = p*(f/) + V, then 

p*(g + [/) = (P + y) - T/ G £-"^+^1^. 

Finally, equation (5.9) implies that Q + U ^ Z~ ' | (n*+i). ■ 

Remark 5.11. The proof of Proposition 5.10 is essentially the same as [28, Lemma 5.5]. It is 
included to show that formal integrability of the determining equations of the isotropy group 
Q ,\s is essential for the proof to remain valid at a submanifold jet where the pseudo-group does 
not act freely. Due to Proposition 5.10, the constructive proof of the fundamental basis theorem 
given in [28] still holds at a singular submanifold jet z^°°' G §>f (with the necessary algebraic 
modifications as in the regular case). 

6 Involutivity 

In Section 4.2 we showed via examples that in the appropriate geometrical setting, the pull- 
back of the structure equations of an equivalence pseudo-group by a (partial) moving frame 
reproduces Cartan's moving frame results. In particular, in Example 4.15 we recovered the 
involutive structure equations (4.17). The aim of this final section is to complete Section 4.2 
by recasting Cartan's involutivity test within the algebraic framework of Section 5. Involutivity 
plays an essential role in the solution of equivalence problems, [26]. It guarantees that the 
equivalence map constructed by specifying its jets (or Taylor series coefficients) converges, and 
the Cartan characters give the "dimensional freedom" of the equivalence map in Theorem 4.11. 
The following exposition follows Seller's book, [35]. 
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Definition 6.1. Let 

m 

r,^{z(^^;t,T)=Y, E C(^^"^)*iJ^"' v = l,...,£, n > 1, 

a=l #B=n 

be a basis for the degree n homogeneous component of H(7^-"). The symbol matrix 

is the £ X tni^ ^^ ) matrix where the entries of the v row are given by the coefficients 
/i^„(z('")) of the polynomial r]^{z^'''>]t,T). 

To define the class of a symmetric multi-index i? = (6^, . . . , 6") of order ^^S = n we rewrite 
the multi-index as -B = (6^,..., 5™), where 6" is the number of occurrences of the integer 
1 < a <min5 = (fe\...,&"). 

Definition 6.2. The class of a multi-index B = {b^, . . . , 6™) is cli? = min {a : 6*^ 7^ O}. 

Next, the columns of the symbol matrix T" are ordered in such a way that the column 
{h^.i, . . . ,h^.g)^ is always to the left of the column [h^i,..., h^^)'^ if cli? > clA. For two 
multi-indices with same class, the order of the columns does not matter. Once the columns of 
the symbol matrix are ordered, the matrix is put in row echelon form without performing any 
column permutations. 

Definition 6.3. Let /3„ , a = 1, . . . , m, be the number of pivots with class 1 < a < m oi the 
row echelon form symbol matrix T". The numbers jSn are called the indices of Tf. 

Definition 6.3 depends on the chosen coordinate system and one must work with 5-regular 
coordinate systems. 

Definition 6.4. A coordinate system is said to be S-regular if the sum ^ a/3n is maximal. 

a=l 

Any coordinate system can be transformed into a (5-regular one with a linear transformation 
defined by a matrix coming from a Zariski open subset of M'"^'", [35]. 

Definition 6.5. The degree n homogeneous component of H(7^-") is said to be involutive if 
the symbol matrix T"^ of the degree n + 1 homogeneous component of H(7^-" ) satisfies the 
algebraic equality 

m 

rankT^+i = ^a/3i"). (6.1) 

a=l 

Definition 6.6. Let n > 1, the isotropy annihilator subbundle 7^"" is in said to be involutive if 
the degree n homogeneous component of H(7^-") is involutive and the projection 1~~"' — )• 7^~" 
is surjective. 

A standard result from the theory of involutivity guarantees that when 7^~" becomes invo- 
lutive then for all A; > n the isotropy annihilator subbundle 7^- remains involutive. 

Definition 6.7. Assume 7^~" is involutive with indices /?« • The Cartan characters an of 7^-" 
are defined by 



Q/^") = m 



/n + m — a — 1\ ^/„\ 

[ „-l )-*'• 'Sa<™. 
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Theorem 6.8. Let 1~~"' be involutive with Cartan characters an ■ Then the isotropy group of 
the submanifold jet z^^' depends on fa arbitrary functions of a variables where the numbers fa 
are determined by the recursion relation 



Jm - 




) 

1 


m 


fa = 




+ 


>: 

b=a+l 



IM 



[m 



1)! 



4:^i^-^ 



.(b-i) 



a\n)fl 



1 < a < m — 1, 



provided all fa are non-negative integers. The numbers s^ (c) are the modified Stirling numbers 
defined by the identity 

a 

{c + y + l){c + y + 2) ■ ■ ■ {c + y + a) = Y,&{c)y' 

b=0 
for all non-negative integers a, b, c and a > b. Here y is an arbitrary variable. 

Example 6.9. Continuing Example 4.15 we verify that the involutivity test (6.1) holds and 
compute the size of the isotropy group at a submanifold jet. First, we recall that for the con- 
tact pseudo-group (2.12) the normalized Maurer-Cartan forms, up to order 1, satisfy the linear 
relations 






I —UJ 

p - 
l^x-- 



^ 



-w 



/^'^ 



0, 



/^x 



/.P^O, 



-a;P, /i^ = /x^ ^ 


= M^ = /^Q = /^Q = 0, 


l^'p + f^5c-l^u^0, 


IJ-Q - Ijf'p + lix = 0- 



(6.2) 



-<i\ 



To show that the degree 1 homogeneous component of H(7^- ) is involutive, we first note that 
via the lift map (3.8) the vector field jet C^ can be identified with the Maurer-Cartan form //^ 
so that we have the identification 



/^B^ 



-^Cb^^ tsT" 



(6.3) 



Secondly, since the invariantization of the algebraic constructions introduced in Section 5 co- 
incide with their progenitor when restricted to a cross-section, we can use the linear rela- 
tions among the normalized Maurer-Cartan forms (6.2) to verify the involutivity test (6.1) 
at a submanifold jet on the cross-section defining a partial moving frame. Using the correspon- 
dence (6.3), the isotropy annihilator polynomials associated to (6.2) are 



rpq 



T", 

t:cTP, 



TP, 



t T" 



trTP, 



t T^ 

_frpu 



tqTP, 



tqT^, 
tqT'i - tpTP + t^T\ 



TP, tpTP + t,T" 
Writing the order 1 symbol matrix T^ we obtain 

J. rpq , rjip , rpu J. rpX J. rrip , rpu J. rpx j. rjip , rpu J. rjix J. rpp , rpu J. rpx 

f^q^ t/gJ. iql. Lq± ox^ ^x^- ^x^- ^p^ '^pJ- f^p^ ^u^- ^u-^ t/^-t 



/ 1 

















-1 


1 














\ 





1 









































1 









































1 









































1 






































-1 









































1 









































1 


1 











-1 





\ 























1 











/ 



38 F. Valiquette 

and find that the indices of the matrix are /3j = 4, /3j = 3, /?} = 1 and f3\ = 0. At order 2, 
the rank of the symbol matrix T^ is 27 = 4/3j + 3/3{ + 2/3j + /3| which satisfies the invo- 
lutivity test. The corresponding Cartan characters are al = al = 0, al = 2, a\ = 3, and 
we conclude that the isotropy group involves two arbitrary analytic functions, each depending 
on two variables. In other words, the general contact transformation between two second order 
ordinary differential equations depends on two arbitrary functions of two variables. This is in ac- 
cordance with Cartan's involutivity test based on the theory of exterior differential systems, [26, 
Example 11.10]. 

Example 6.10. In this final example we consider the simultaneous equivalence of a two- form 
and a vector field on M^, [11]. This example is interesting as the solution admits a branch with 
an infinite-dimensional isotropy group and an essential invariant. Let 

Q = a{x,y, z)dx A dy + b{x,y,z)dx Adz + c{x,y,z)dy Adz, a{x,y,z)j^O, (6.4) 

be a non-vanishing two-form, and 

d d d 

V = e{x,y,z)— + f{x,y,z)— +g{x,y,z) — , g{x,y,z)y^O, (6.5) 

a non-zero vector field on M^. If 

n = A{X, Y, Z)dX AdY + B{X, Y, Z)dX A dZ + C{X, Y, Z)dY A dZ, A{X, Y, Z) ^ 0, 
^ = E{X,Y,Z)^ + F{X, Y,Z)-^ + G{X, Y,Z)-^, G{X, Y,Z)^0, 

is another set of non- vanishing two- form and vector field on M^, the map 

$ : X = (P{x, y,z),Y = p{x, y,z),Z = a{x, y, z) G V{W^) , 
is a local equivalence if it satisfies 

$*(n) = and d$"^(v) = v. (6.6) 

The equivalence problem splits in two cases; either v_lil = 0orv_iri7^0. In the following 
we consider the case v _l fi = 0. This imposes the restrictions 

( N 9{x,y,z)c{x,y,z) g{x,y,z)b{x,y,z) 

e{x,y,z) = r and f{x,y,z)- 



a{x,y,z) a{x,y,z) 

on the coefficients of vector field (6.5) (and similar constraints on the coefficients of v). In local 
coordinates, the equivalence criterions (6.6) yield the transformation rules 

A{(j)xf3y - f^xcpy) + B{(t)xay - ax4>y) + C{l3xay - a^Py) = a, 
A{4'x(3z - I3x4>z) + B{4)xaz - Oxcpz) + C{f3xaz - otxl^z) = b, 
A{(f)yPz - /3y<l)z) + B{(j)yaz - ay4>z) + C{l3yaz - ayPz) = c, 

G = -[cttx — bay + auz), (6.7) 

for the components of the two- form (6.4) and the vector field (6.5). The infinitesimal generator 
corresponding to the Lie pseudo-group action (6.7) is 

d d d d 

^ = C{x,y,z)— +r]{x,y,z)— +T{x,y,z)— + [cTx - a{Cx + rjy) -^^y]^ 
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7^ + Hz - bCy - C{7]y + ^z)\g^ + - [cTcc - bTy + UT,] — , 



[ar]:, + b{^c + r^) + ct]^] — + [a^^ - bS,y - c{7]y + r^)] — + - [ct^ - bTy + uT;,] 



where ^(x,y, z), rj{x,y,z) and T{x,y,z) are arbitrary analytic functions. The rank of the Lie 
matrix, [27], of the first prolongation w*^^' reveals that the orbits of the first order prolonged 
action are of codimension one in J^. Hence the equivalence pseudo-group admits a first order 
differential invariant: 

I = -{az-by + Cx). (6.8) 

Implementing the moving frame algorithm, the analysis of the recurrence relations reveals 
that it is possible to make the "universal" normalizations 

X = y = Z = 0, A = G = l, Bx^Y^z^ = Cx^Y^z^ =0, i + j + k>0, 
Gx^yjz^ =0, i + j + k>l, Ax^Y, =0, i + J > 1, (6.9) 

leading to the normalization of the Maurer-Cartan forms 



/" = A(C), V = A(r/) a = A(r), i^x'y^+i = KV: 



iyj + i. 



x'-y- 

^x»y:'Z'=+i = A(r/^ij,j2fc+i), ^x^yj^fe+i = ^(Cx'j/Jzfe+i); ctx'yjzfe+i = -^(r^iyj^fc+i), 

hj^k > 0. With the normalizations (6.9), the invariant (6.8) corresponds to 

I = Az = L{a,), (6.10) 

and the invariant coframe OJ = {a;^,a;^,a;^} = L{dx,dy,dz} is such that i^ = u^ A o;^, and 
v_l w^ = 1. Geometrically, the invariant (6.8) measures the obstruction of fi to being closed: 

dn = loj"" Aojy Abj'^. 
After making the normalizations (6.9), the only remaining partially normalized invariants are 

^x^YJZk+i, i,j,k>0. (6.11) 

Up to order 2, the recurrence relations for these invariants are 

dAz = Axzuj"" + Ayzco^ + {Azz - ^|)w^ 

dAxz = Axxz^"" + AxYz^y + (Axzz - 2AzAxz)uj' 

- Ayzvx - Axzf^x - {Azz - A\)ax, 
dAYz = AxYzoj"" + Ayyz^^ + {Ayzz - 3AzAyz)oj' 

+ AYzfJ-x - AxztJ-Y - [Azz - A%)aY, 
dAzz = Axzz^"" + Ayzz^^'^ + {Azzz - AzAzz)^'" ■ (6.12) 

At this stage, the equivalence problem splits in two branches: 

Case 1: Az is constant. 
Case 2: Az is not constant. 

In Case 1, when Az = c is constant, the recurrence relations (6.12), and the higher order 
ones, imply that the remaining partially normalized invariants (6.11) are constant. For example, 
from (6.12) we have that 

Az = c, Axz = Ayz = 0, Azz = c^, 

Axxz = AxYZ = Zxzz = Ayyz = Ayzz = 0, Azzz = c . 
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Hence, in this case, there are no further normahzations possible. Up to order 2, the normaUzed 
Maurer-Cartan forms are 

fi = -u}"", V = -ojy, a = -uj'', VY = -^J'X + ^z^^, vz = liz = OLZ = 0, 

i^XY = -fJ-xx - Azax - Axz^"", ^yy = -fJ-XY - Azay + Ayz^'\ 

VZX = VZY = VZZ = ^XZ = li-YZ = l^-ZZ = OLXZ = OLy Z = OLZZ = 0. (6.13) 

The order 1 isotropy annihilator polynomials associated to (6.13) are 

tyTy + t^T"^, t,^^ t,T\ t,T', (6.14) 

and the indices of the reduced'^ symbol matrix T^ are /3j = 3, /3j = 1, /?} = 0. At order 2, 
the rank of the reduced symbol matrix T^ is 11 = 3/3} +2/3J +/?! ) and Cartan's involutivity 
test is satisfied. The corresponding Cartan characters are a\ = 0, a\ = 2, and al = 3. 
The structure equations for the horizontal coframe u = {w^', lo^ , oj^} are 

duj^ = fix ^ ^^ + fJ-Y /\ ^^, 

duj^ EE z^x A cj"" - /xx A w^ - cbJ^ A a;"", 

duj^ = ax ^^^ + OIY f\ w^- 

These equations are equivalent to those obtained with Cartan's method, [26, equation (11.29)]. 
The correspondence is given by 

O^^oj"^, 9'^^ojy, O^^uj'', a^ ^ fj,x, a^ ^ fly, a^ ^ ux, 

13^^ ax, P^^ay, T^Az. (6.15) 

Moving to Case 2, where Az is not constant, two sub-branches must be considered: 

Case 2.1: Azz = A^. 
Case 2.2: Azz ^ ^|- 

In Case 2.1, since dAz ^ 0, the recurrence relation for Az in (6.12) implies, that {Axz, Ayz) 
^ (0,0). Assuming Axz > 0, we set 

Axz = 1, Ayz = 0, Ax^yJZ = 0, i+j>2, 

and normalize the Maurer-Cartan forms fJ-x^Y^^ ^~^J — 1- The first recurrence relation in (6.12) 
then reduces to 

dAz = uj"". 
Substituting the equality Azz = ^| into the last equation of (6.12) we obtain 

2Azuj'^ = Axzzco"" + Ayzzuj^ + {Azzz - A%)lo^, 
which means that 

Axzz = 2Az, Ayzz = 0, Azzz = Az- 

^Notice that in (6.14) we have omitted the polynomials in T", T*", T'^ and T^ associated to the dependent 
variables of the problem as in this example these do not play an essential role in the involutivity test. The 
corresponding Cartan characters are all zero. 
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Similarly, all higher order invariants AxiYiz'=+^ — ^ijki^z) are function of the invariant (6.10). 
Hence, no further normalizations are possible. Up to order 2, the normalized Maurer-Cartan 
forms are 

/i = —u}^, V = — (^^, OL = —OJ^, vy = Az^}^ , 

i^z = fJ-z = az = fJ-x = fJ'Y = 0, i^xY = -Azax - uj\ i^yy = -Azay, 

vzx = vzY = vzz = li-xz = i^-YZ = li-zz = OLxz = OLy z = oLzz = fJ'XX = A^xy = fJ-yy = 0. (6.16) 

The order 1 isotropy annihilator polynomials associated with (6.16) are 

and the indices of the reduced symbol matrix T^ are /3| = 3, /3| = 2, /3| = 1. At order 2, 
the rank of the reduced symbol matrix T^ is 14 = 3/3| + 2/3| + /?} , which satisfies Cartan's 
involutivity test. The corresponding Cartan characters are a\ = {), a\ = 1, and a\ =2. 
Finally, the structure equations for the horizontal coframe u = {w^', uj^ , w^} are 

duj"" = 0, dujy = z^x A cj^ - Azoj"^ A oo'\ du^ = ax A w^ + ay A w^. 

Once again, using the correspondence (6.15) we recover the structure equations obtained via 
Cartan's method, [26, p. 370]. Case 2.2 is treated in a similar fashion. The complete analysis, 
based on Cartan's equivalence method, can be found in [11]. 
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